Mathematica 11.3 Integration Test Results

Test results for the 88 problemsin "4.2.1.2 (g sin)*p (a+b cos)*m.m"

Problem 58: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J(E Sin[c +dx] )11/2

a+bCos[c+dx]

dx

Optimal (type 4, 544 leaves, 15 steps):
(-a?+b2)?% el/2 ArcTan| @}
(-a2+b?2) ¥4+ e
h11/2 g + o172 g

(—az+b2)9/4e11/2Ar‘cTanh[W eSin[c+dx] ]
(-a2+b2) ¥4 +e

2a (21a*-49a2b? +33b%) eGEllipticF[% (c—§+dx), 2] V/sin[c+dx]

21b®d+/eSin[c+dx]
a (az—b2)3e6 EllipticPi| —22—, 1 (c— 5+dx), 2] \/sin[c+dx]
b/ a2b? 2 2

bé (asz (b7\/7a2+b2 )) d/esin[c+dx]

a (a?-b?)’ eSEllipticPi[ —20—, L (c-§+dx), 2] \/sin[c+dx]
b++/ -a2+b?

bé (az—b(b+\/—a2+b2))d\/m

2e° (21 (az—bz)z—ab (7a%-12b?) Cos[c+dx]) vJesin[c+dx]
21b°d
2e3 (7 (a2-b?) -5abCos(c+dx]) (eSin[c+dx])>? 2e (eSin[c+dx])®?

35b3d 9bd

Result (type 6, 2235 leaves):
1

d

+

a(28a2-51b%) Cos[c+dx] (-9a2+14b?) Cos[2 (c+dXx)]
+ +
42 b* 45 b3

aCos|3 (c+dx)] Cos[4(c+dx)]
14 b? 36b

Csc[c+dx]® (eSin[c+dx] )™ -

1
1680 b* d Sin[c + d x]11/2

(esin[c+dx])™/? !
(a+bCos[c+dx]) (1-Sin[c+dx]?)
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1
42 b (a?-b2)%*
\/TW\/Sin[Cerx] \/TW\/Sin[Cerx] ]

| +2ArcTan|1 +
(asz2>1/4 (a27b2>1/4

Log [~/ a® - b? —\/7\/?<a2—b2)1/4x/sin[c+dx] +bsinfc+dx]] +
Log [~/ a® - b? +\/7\/F<a2—b2)1/4x/51n[c+dx] +bsin[c+dx] ]|

bZSin[c+dx]2}

—a%+b?

2 (392a*b-722ab?) Cos[c+dx]? a+b\/1—sin[c:+dx}2

a|-2ArcTan|1-

+

, Sin[c+dx]2,

/

1 1 5
{(—5 (a®-b%) AppellF1[~, - —, 1, =, Sin[c+dx]?,
4 2 4

H |

[Sb (a®-b?) AppellFl[l, 71, 1,
4" 2

vSin[c +dx] \/1—Sin[c+dx}2

bzsin[c+dx}2]
2 ALt FEA g,
—a2 + b?

1 9 b2Sin[c +dx]?

=,2, =, Sin[c+dx]?, #] + (a® - b%)
2 4 -a% +b?
b2 Sin[c+dx]?

5
2 [2 b% AppellF1|[ =, -
4

1 9 . )
, —» 1, —, Sin[c+dx]°,
2 4 -a%+b?

AppellF1| ]J Sin[c+dx12)

A~ |

1

(a2 4 b (1+Sin[c+dx]2)>]J .
(a+bCos[c+dx]) \/1—Sin[c+dx]2

2 (-280a*+636a°b”-721b*) Cos[c+dx] a+b\/1—Sin[c+dx]2

(_1[1_1]W

(7a2+b2)3/4 8 8

|+

(1+1) b +/Sin[c +dx] -2 ArcTan[1+ (1+1) /b +/Sin[c +dx]

(—a2+b2)1/4 (—a2+b2)1/4
Log [/ -a*+b* - (1+1) b (—a2+b2)1/4\/Sin[c+dx] +ibSinfc+dx]] -
Log [/ -a?+b* + (1+1) b (—a2+b2)1/4\/Sin[c+dx] +ibSinfc+dx]]

2ArcTan|1-

+

/

3

1 5 . , b’Sinfc+dx]? _
,1, =, sinfc+dx])?, ——————| V/Sin[c+dx]
4

5a (a2 - b?) AppellF1 -
[ ( ) PP [ 2 —a2+b?

AR

5 . 2
, 1, —, Sin[c+dx]*,

1
, =
2 4

(\/1—Sin[c+dx}2 (5 (a% - b?) AppellFl[zl—‘
b2Sin[c +dx]?
b2 Sin[c+dx]?
b2 Sin[c+dx]?

—a?+b?

1 9 . )
, —5 2, —, Sin[c+dx]*°,
4

| -2 [2 b% AppellF1|
2

FSERY

| + (-a® + b?) AppellF1] i, 1, 2, Sinf[c +dx]?,
a4

)

INERT
N

+

(a® +b? (1+Sin[c+dx}2>)]

]] Sin[c+dx]?
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1

(a+bCos[c+dx]) (1-2Sin[c+dx]?) \/1—Sin[c+dx}2
(840 a* - 1764 a> b + 959 b*) Cos [c + d X]

Cos[2 (c+dx)] (aer\/l—Sin[c+dx]2

(1+1) Vb ~/Sin[c+d x] ]

(~a2+b2) /4

(i— i) (—2a2+b2) Ar‘cTan[l—

p3/2 <_a2 i b2> 3/4

(l - i—) (-2a%+b?) ArcTan[1 + (1+1) Vb ySin[c+dx] ]
2 2 (—a2+b2)1/4 1

+

b3/2(—a2+b2)3/4 b3/2<_a2+b2>3/4(4_4
(-2a%+b%) Log[+/-a%+b® - (1+1) (—a2+b2)1/4\/sin[c+dx} +ibSinfc+dx]] -
! 3/4(1 1)( 2a%+b%) Log[+/-a%+b® +
+b2
4+/Sin[c +dXx]

(1+]'1) Vb (—a2+b2)1/4\/sin[c+dx} +]'1bSin[C+dX]} + +

b

1 5 . , b?sinf[c+dx]? ;
=, 1, =, Sin[c+dx]?, ——————— ] V/Sin[c+dx]
2

4 —aZ+b?

Ly

b3/2 (7

/

e

(10 a (a®-b?) AppellFi[—,

5
[\/1—Sin[c+dx12 (5 (a* - b?) AppellF1]| ,1, =, Sin[c+dx]2,
a4

11
42

b2Sin[c+dx]? , 5 1 9 . 5
——————————] -2 (2b*AppellF1[~, =, 2, =, Sin[c+dx]?,
aZ+b? 4 2 4
b2Sin[c+dx]? 5 3 9
#] + (-a®+b?) AppellFl[ =, =, 1, =, Sin[c+dx]?,
a2+ b? 4 2 4
b2Sin[c+dx]?
[2+2]]] Sin[c+dx}2) (a® + b? (—1+Sin[c+dx}2>)] -
-a‘+b
5 1 9 b2Sin[c+dx]?
(36a (a®-b?) AppellF1[=~, =, 1, =, Sin[c+dx]?, #} Sin[c+dx}5/2]/
4 2 4 -a? + b2
5 1 9
[5 \/1—Sin[c+dx]2 [9 (a*-b?) AppellF1[=, =, 1, =, Sin[c+dx]?,
4’ 2 4
b2Sin[c +dx]? 5 9 1 13 . 5
——————————] -2 |[2b*AppellF1[~, =, 2, =, Sin[c+dx]?,
—a% +b? 4 2 4
b2Sin[c+dx]? 9 3 13
#] + (-a+b?) AppellF1| =, =, 1, —, Sin[c+dx]?,
—a% +b? 4 2 4

b2sSin[c+dx]?

- ]]Sin[c+dx}2) (a*+b* (-1+Sin[c+dx]?))
a‘+b

Problem 59: Result unnecessarily involves higher level functions and more than
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twice size of optimal antiderivative.

9/2

dx

J<esin[c+dx])

a+bCos[c+dx]
Optimal (type 4, 461 leaves, 14 steps):

(-a%+b2)7/* €2 ArcTan | b esinlcrdx] | (-a%+b2)"""e*2 ArcTanh| VB yfesinlerdn) esinlc-dx] ]
<7a2+b2)1/a\/? (7az+bz>1/4\/?

b9/2d b9/2d
2b 1
(a (az—bz)zeSEllipticPi[—, - [c—erdx , 2] V/sin[c+dx] ]/
b-+-a2+b2 2 2
(bs (b—w/—a2+b2)d\/eSin[c+dx] +
2b 1
(a (az—b2)2e5EllipticPi[—,—[c—£+dx),2] \/Ssin[c+dx] /
b++-aZ+b2 2 2

(b5 (b+x/—a2+b2)d\/eSin[c+dx]
2a (5a%-8b?) e4EllipticEE (c—§+dx), 2| Vesin[c+dx]

+

5b*d+/Sin[c+dx]
2e* (5 (a?-b?) -3abCos[c+dx]) (eSin[c+dx])¥? 2e (eSin[c+dx])’?
15b3d 7bd

Result (type 6, 1228 leaves):
1

5bidsin[c+dx]92

9/2

(esin[c+dx])

1
(a+bCos[c+dx]) (1-Sin[c+dx]?)

2 (5a*-8ab?) Cos[c+dx]?

\E\/?\/Sin[c+dx]

-2ArcTan[1

VSincrdx]_
[{a _\/7\/F Sin[c+dx] ]+2APCTan{1+

(a27b2)1/4 (a27b2)1/4
rJar-b? -2 /b (az—b2)1/4\/sin[c+dx1 +bSinfc+dx]] - Log|
rJa?-b? ++/2 \/b (az—b2>1/4\/sin[c+dx} +bsin[c+dx]] ]/

3 1 7
(42 b¥2 (a?-b2) %) 4 (7b (a® - b?) AppellF1[=, - =, 1, =,
4 2 4
b2Sin[c+dx]?
Sin[c+dx]?, #] Sin[c+dx]3/2\/1—sin[c+dx12 ]/
—aZ + b?
3 1 7 b2Sin[c+dx]?
[3 [7 (a2~ b2) AppellF1[>, - =, 1, =, Sin[c+dx]?, #} +2
4 2 4 -a?+b?
5 7 1 1 . , b?Sinfc+dx]?
2b? AppellFl|—, - =, 2, —, Sin[c+dx]?, ————————| +
4 2 4 —a?+b?

a+b\/1—Sin[c+dx]2

| +Log|
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b2sSin[c+dx]?

7
a? - b?) AppellF1|—,
( ) PP [4 -a%+b?

N | =

1 ,
, 1, —, Sin[c+dx]*,
4

]

+

Sin[c+dx}2J (a%+b? (—1+Sin[c+dx]2))J

1

(2a®b-5b%) Cos[c+dx]
12 (a+bCos[c+dx]) \/175in[c+dx]2

(a+b\/1—sin[c+dx12

oo

1+1 b +/Si d
ArcTan[1+( Hl)\/— Inic+dx] | - Log[+/-a%+b? 7(1+j)\m

(—a2+b2)1/4

(1+1) /b +/Sin[c +dx]

(—az+b2)1/4

2ArcTan|[1 -

| -2

(—a2+b2)1/4\/sin[c+dx} +ibSin[c+dx]] +Log[y/-a*+b* + (1+1)

Vb (-a?+b?)Y*+/Sin[c+dx] +ibSin[c+dx] | /(\E(fahbz)l/“)+

1 7 b2 Si dx]?
, =, 1, =, Sin[c+dx]?, M] Sin[c+dx]3/2]/
2 4 —a?+b?

[\/1$in[c +dx]2 [7 (a® - b?) AppellF1]

[56a (a® - b?) AppellF1|

N lw

7 R
, —» 1, —, Sin[c+dx]*,

4

M w
N R

b2Sin[c+dx]?

, 7 1 _ 11 | ,
| -2 |2b*AppellF1[~, =, 2, =, Sin[c+dx]?,
—a%2+b? 4 2 4
b2Sin[c +dx]? 7 3 1
#} + (-a%+b?) AppellFl[~, =, 1, —, Sin[c+dx]?,
2 p2
—aZ+b 4’ 2 4

b2Sin[c+dx]?

+

P }]Sin[c+dx]2
-a‘+b

(a2+b2 (—1+Sin[C+dX]2)>]}

1
=Csc[c+dx]* (eSin[c+dx])
d

9/2[ (-28a%+37b?) Sin[c +dx]
42 b3
asin|[2 (c+dx)]
5 b2
Sin[3 (c+dx) |
14 b

+

Problem 60: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

7/2

dx

j(esin[c+dx])

a+bCos[c+dx]

Optimal (type 4, 474 leaves, 14 steps):
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VB \[esinc+d VB \[esincd
(—a2+b2)5/4e7/2Ar‘cTan{ esinferdx] ] (—a2+b2)5/4e7/2Ar‘cTanh{ esinjcrdx] ]
(—ab2) Yo e (—ab2) Y4 e

b7/2d " b7/2d
2a (3a2-4b?) e4EllipticF[§ (c—§+dx), 2] V/sin[c+dx]
3b*d+eSin[c+dx]

a (az—b2)2e4Elli ticPi 2 iy :
pticPi| s c +dx|, 2] V/sin[c +dx]
V-aZ+b2 2 2

b-
b-+/-a%+b? J] dveSin[c+dx]

+

/

(b4 [az—b +
2b 1
(a (a2 - b?)2 e* EllipticPi[ —————, ~ [c— Zidx|, 2] Vsin[c+dx] /
b++y-aZ+b2 2 2

+

b* (az—b (b+xl—a2+b2 J] dveSin[c+dx]

2e* (3 (a?-b?) -abCos[c+dx])VeSin[c+dx] 2e (eSin[c+dx])*?
3b3d 5bd

Result (type 6, 2155 leaves):

(_ 2aCo;LAZ:+dxl + Cos[zs(i:dx)l ) Cscc +dX]3 (eSin[c+dx] )7/2

d

1
(esinfc+dx])"?
60b%dSin[c+dx]7/?

1

a+ib+/1-Sin[c+dx]?
(a+bCos[c+dx]) (1-Sin[c+dx]?)

28 abCos[c+dx]?

] _

’\/.7 ’\/‘7
a|-2ArcTan[1- V2 Vb /Sinfc+dx] | +2ArcTan[1+ V2 /b v/Sin[c+dx]
R ERTT

Log [~/ a® - b? —\E\m(az—bz)l/A\/Sin[Cerx] +bsinfc+dx]] +
Log[+/a® - b? +\/7\/F(a2—b2)1/4x/sin[c+dx] +bSin[c+dx] ]|

/

5 . )
, 1, Z, Sin[c+dx]*,

/

(4\5\5 (a27b2)3/4) N [Sb (aZ,bZ) AppellFl[%, -

b2Sin[c +dx]?

N |

| Vsinf[c+dx] \/1—Sin[c+dx]2

—a?+b?
1 1 5 b2Sin[c+dx]?
((—5 (a®-b?) AppellF1[~, - —, 1, =, Sin[c+dx]?, #] +
4 2 4 —a2 + b?
5 1 9 b2Sin[c+dx]?
2 [2 b AppellF1[~, - =, 2, =, Sin[c+dx]?, #] + (a® - b%)
4 2 4 -aZ+b?

1 9 . , b?sin[c+dx]?
, —» 1, =, Sin[c+dx]?, ——MMM—

AppellF1
[ 2 4 —a2+b?

]J Sin[c+dx1ZJ

H |
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1

(a2+b2 (—1+Sin[c+dx]2)>]J +
(a+bCos[c+dx]) \/1—Sin[c+dx]2

D

aer\/l—Sin[c+dx}2

2 (-18a%*+27b%) Cos[c+dx]

(7a2+b2)3/4 8 8
(1+1) Vb V/sin[c+dx] (1+1) Vb v/sin[c+dx]
2ArcTan|1- | -2ArcTan|1 + ]+
(—a2+b2)1/4 (—a2+b2)1/4

Log[~/-a2+b? - (1+1i) Vb (-a?+b?)**+/Sin[c+dx] +ibSin[c+dx]] -
Log[+/ -a® + b? +(1+J’1>W(—a2+b2)1/4\/sin[c+dx] +ibSinfc+dx]]

+

s o 1 1 5 . , b?Sinfc+dx]? _
5a (a?-b?) AppellF1[~, —, 1, =, Sin[c+dx]?, —————————| V/Sin[c+dX] /
4" 2 4 —aZ+b?

1

{\/151n[c+dx]2 (5 (a* - b%) AppellF1|—

4

b2Sin[c+dx]?
—a% +b?

b2Sin[c+dx]? ) w2 5
T m |+ (-a +b)AppellF1[4

bl

| -2 [2 b? AppellF1| >
4

b2 Sin[c+dx]?

—a?+b?

(a2+b2 (—1+Sin[c+dx}2>)] +

]] Sin[c+dx]?

1
(30a%-33b?)
(a+bCos[c+dx]) (1-2Sin[c+dx]?) \/l—Sin[c+dx12
Cos[c+dx] Cos[2 (c+dx) |

(aer\/l—Sin[c+dx]2

(1+1) Vb Sin[c+dx]]

(~a2eb?) /4

(%— i) (-2a2+b?) ArcTan[1 -

p3/2 <—a2 + b2> 3/4

1+i) Vb Sin[c+dx]]

<fa2+bz) 14

(i— i) (-2a2+b2) ArcTan |1 + -

b3/2 (—a2+b2)3/4
[(E—E) (-2a%+b?) Log[+/-a%+b® - (1+1) b (—a2+b2)1/4\/sin[c+dx] +
4 4
/ (b3/2 (—a2+b2)3/4) _
[(E—E) (-2a%+b?) Log[+/-a®+b® + (1+1) b (—a2+b2)1/4\/sin[c+dx] +
4+/Sin[c+dX]

4 4
p3/2 (_g2 . p2)3/4
/( ( a“ + ) )+ b +

ibSin[c+dx] ]|

ibSinfc+dx] |
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)

5 . , b?Sinfc+dx]?2 .
, 1, =, Sin[c+dx]?, —————————| V/Sin[c +dx]
4

—a?+b?

/

FNQUN
N |

(10 a (a®-b?) AppellF1]

1 1 5
(\/151n[c+dx}2 [5 (a*-b%) AppellF1[—, =, 1, =, Sin[c+dx]?,
4 2 4

b2Sin[c+dx]?
—a?+b?
b2sSin[c+dx]?
bZSin[c+dx]2]]

-a2 + b?

_ 2 E 1 2 : 2
| -2 |2b*AppellF1[ =, =, 2, =, Sin[c+dx]?,
2 4

IS

| + (-a® +b?) AppellF1| =, i, 1, 2, Sinf[c +dx]?,
2 4

NV

Sin[c+dx}2) (a® +b? (—1+Sin[c+dx}2>)] -

)

9 b2 si dx]?
,1, =, Sin[c+dx]?2, M} Sin[c+dx}5/2]/

36 2 _b?) AppellF1
362 (o) mopena [, 2.3, 2

IV
N =

5 1 9
[5 \/1—Sin[c+dx]2 [9 (a® - b%) AppellFl[ =, =, 1, =, Sin[c+dx]?,
4 2 4
b2Sin[c+dx]? , 9 1 13 . 5
—————————] -2 |2b%AppellF1| =, =, 2, =, Sin[c+dx]?,
—a?+b? 4 2 4
b2 Sin[c+dx]? 9 3 13
#] + (-a?+b?) AppellF1| =, =, 1, —, Sin[c+dx]?,
-a% +b? 4 2

b2Sin[c+dx]?

R ]]Sin[c+dx}2) (a®+b* (-1+Sin[c+dx]?))
-a‘+b

Problem 61: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

])5/2 N

J(esin[c+dx

a+bCos[c+dx]

Optimal (type 4, 399 leaves, 13 steps):
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(—a2+b2)3/4e5/2/-\r‘cTan[W esinferdx] | (—a2+b2)3/4e5/2Ar‘cTanh[\m esinlerdx] |

<7az+b2)l’/4\/? (7az+b2)1/4\/?
- b5/2 g i b5/2 d -
2b 1
(a (a®-b?) & EllipticPi| ———, = (c— T dx , 2] /sin[c+dx] /
b-+-a2+b2 2 2
(b3 (b—«/—a2+b2)dx/esin[c+dx] -
2b 1
(a (a®-b?) e EllipticPi| ————, = (c— T idx , 2] /sin[c+dx] /
b++v-a2+b2 2 2

(b3 (b+«/—a2+b2)d\/eSin[c+dx] +
2ae?EllipticE[® (c71+dx), 2| Vesin[c+dx] e (esin[c+dx])>?
2 2 _
b2d~/Sin[c+dx] 3bd

Result (type 6, 1151 leaves):

2Csclc+dx] (eSin[c+dx])*? 1

+ (esin[c+dx])®?
3bd bdSin[c+dx]>?

1

2aCos[c+dx]? (a+b\/1—sin[c+dx]2

(a+bCos[c+dx]) (1-Sin[c+dx]?)

ﬁ\/?\/sin[c+dx] ﬁ\/?\/sin[c+dx]
| +2ArcTan(1 +

(az—b2)1/4 (az_bz)l/zl
Log[+/a?-b? -2 V/b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]] -
Log[~/a2-b% ++/2 /b (az—b2)1/4\/sin[c+dx] +bsinfc+dx]]

a|-2ArcTan[1-

/

7 . )
, 1, Z, Sin[c+dx]°,

/

(42 b¥2 (a2 - b2)1/4) ¥ [7b (a® - b?) AppellFl[i, -
4

N |

b2 Sin[c+dx]?
#] Sin[cerx]g’/z\/l—sin[Cerx]2

—a?+b?
3 1 7 b2 Sin[c+dx]?
[3 (—7 (a>-b?) AppellF1[=, - —, 1, —, Sin[c+dx]?, #] +
4 2 4 —a?+b?
11 b2Sin[c+dx]?

2 Z _ - : 2
2 |2b? AppellF1| -, , 2, =, Sin[c+dx]?,
4 4

—aZ+b? }Jr

1 , b?2Sinfc+dx]?2
> —» 1, —, Sin[c+dx]*%, —}
2 4 —aZ2+b?

N |

(a® - b?) AppellF1|

N

Sin[c+dx]?

(a® +b? (—1+Sin[c+dx]2)>” +

1

b Cos[c +dx] a+b\/1—Sin[c+dx}2

12 (a+bCos[c+dx]) \/1—Sin[c+dx}2

] +

| 9
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([(3+311)

1+1i) Vb /si d
2Ar‘cTan[1+( i) b Vsinic+dx] ] -Log[y/-a%+b? - (1+1) Vb

(—a2+b2)1/4
(—a2+b2)1/4\/Sin[c+dx] +ibSin[C+dX}]+L0g[\/—az+b2 +<1+]i>
\/F(—a2+b2)1/4\/sin[c+dx] +1‘1bSin[c+dx}]J

(1+1) Vb /sin[c+dx]

(—a2+b2>1/4

2 ArcTan [1 -

} ,

/(W (—a2+b2)1/4) .

1 7 b2Sin[c+dx]?
, —, 1, —, Sin[c+dx]2, #} Sin[c+dx13/2]/
4 -a?+b?

[\/1$in[c+dx}2 (7 (a - b?) AppellF1|

(56 a (a®-b?) AppellF1|

pw
N

3 1 7 . R
- —» 1, —, Sin[c+dx]~,
4 2 4

b2Sin[c +dx]?

X 7 1 1 _, )
} -2(2b AppellFl[f, -5 2, —, Sin[c+dx]*,
-a%2+b? 4 2 4
b2Sin[c+dx]? 7 3 11
#] + (-a?+b?) AppellF1|—~, =, 1, —, Sin[c+dx]?,
~a? 4 b? 4" 2 4

2 cy 2
M]] Sin[c+dx}2) (a® +b? (1+Sin[c+dx}2>)]]
-a‘+b

Problem 62: Result unnecessarily involves higher level functions.

J(eSin[c:erx])E”2

a+bCos[c+dx]

dx

Optimal (type 4, 410leaves, 13 steps):

(—a2+bz)l/“ei‘/zAr‘cTan[vF esinlerdx] ] (—a2+b2)1/4e3/2ArcTanh[Eﬁ e sincrdx) ]
(7a2+b2)1/4\/F

(7a2+b2)1/’“ﬁ
+ +
b3/2d b3/2d
2aezE11ipticF[§(c—§+dx),2} A/sin[c +dx] )
b2d+eSin[c+dx]
2b 1
(a (a®-b?) e EllipticPi| ———, = (c—£+dx , 2] V/sin[c+dx] /
b-+-a2+b2 2 2
(bz(az—b b—x/—a2+b2J]d\/esin[c+dx] -
2b 1
[a (a2 - b2) e? EllipticPi| ————, = (c_5+dx , 2] V/Sin[c+dx] /
b+v-aZ+b2 2 2
2e+eSin[c+dx
(bz[az—b(b+x/—a2+b2J]d\/esin[c+dx] - [c+dx]

bd
Result (type 6, 624 leaves):
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1

20d (a+bCos[c+dx]) Sin[c+dx]3/2\/1fsin[c+dx]2

Cos[c +dx] (eSin[c+dx])3’/2 (a+b\/1—sin[c+dx]2

7L<5*5]1) 2<*az+b2)1/4Ar‘cTan[1f (1+1)\/— infc+dx] ] -
b3/2 (_aZ+b2)1/4

(1+1‘1)\/F\/Sin[c+dx]
e

<—a2+b2)1/4Log[x/—a2+b2 —(1+J‘1)\/F(—a2+b2)1/4\/sin[c+dx1 +ibSinfc+dx]] -

<—a2+b2)1/4Log[x/—a2+b2 +(1+J‘1)\/F(—a2+b2)1/4\/sin[c+dx1 +ibsSin[c+dx]] +

(4+41) /b V/Sin[c+dx] ]+

2 (7a2+b2>1/4ArcTan[1+

9 b2Sin[c+dx]?
=, 1, =, Sin[c+dx]?, #] Sin[c+dx]>2
2 4 -a%+ b2

)

[72 a (a%-b?) AppellF1|

/

|0

5 1 9 b2 Sin[c +dx]?
(\/1—Sin[c+dx]2 (9 (a®-b?) AppellFi[=~, =, 1, =, Sin[c+dx]?, #] -
4 2 4 -a? + b?
) 9 1 13 _, , b?Sin[c+dx]?
2 |2b%AppellF1[ =, =, 2, —, Sin[c+dx]?, — | +
4" 2 4 —aZ+b?
3

13 b2Sin[c +dx]?
(-a®+Db?) AppellF1|[~, =, 1, —, Sin[c+dx]?, #}J

9
4" 2 4 —a? 1 b2

Sin[c+dx}2) (a® +b? (—1+Sin[c+dx}2>)]]

Problem 63: Result unnecessarily involves higher level functions.
J\/eSin[c+dx}

a+bCos[c+dx]

dx

Optimal (type 4, 302 leaves, 9 steps):

\/?Ar'cTan Vb \/eSin[c+dx] \/?Ar'cTanh \/F:{esin[/udx]
[ <7az+bz>1/4\/? ] [ (7a2+b2>1/4\/? }

+ +

Vb (-a?+b?)P*d Vb (-a?+b?)P*d

aeEllipticPi[ —22—, % (c—§+dx), 2] V/sin[c+dx]

b-+/ -a%+b?

b (b—\/—a2+b2 ) d+vesSin[c+dx]

+

aeEllipticpi[ —20— 1 (c -z +dx) , 2] V/Sin[c+dx]
b++/ —a2+b? 2 2

b (b+\/—a2+b2 ) d+esSin[c+dx]

Result (type 6, 556 leaves):
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1
12d+/Cos[c+dx]? (a+bCos[c+dx]) \Sin[c+dx]
Vesin[c+dx]
(1+4) Wm] - 2ArcTan[1+ (1) Vb Vsinfcdx]

(—a2+b2)1/4 (—a2+b2)1/4

Cos[c+dx] |a+b~/Cos[c+dx]?

] _

2 ArcTan|1 -

“3+3j)
Log[+/-a*+b* - (1+1i) \/F(—a2+b2)1/4\/sin[c+dx] +ibsSinfc+dx]] +
Log[+/ -a® + b? +(1+J‘1)W(—a2+b2>1/4\/sin[c+dx] +ibSinfc+dx]]

/

b2Sin[c +dx]?

—a?+b?

]

)

(\/F (—az+b2)1/4) + [56a (a% - b?) AppellF1]

Sin[c+dx]3/2J/

N |

3 7 . 5
— , 1, —, Sin[c+dx]*,
4 4

Cos[c+dx]? (a*-b®+b*Sin[c+dx]?)

3 1 7 b2Sin[c +dx]?

(7 (a?-b2) AppellF1[>, =, 1, =, Sin[c+dx]?, 2 oinfe+dx]” ] -
4 2 4 -a2+b?

) 7 1 1 , b?Sinf[c+dx]?
2 [2b%AppellFl[~, =, 2, —, Sin[c+dx]?, ————————] +
4 2 4 —a?+ b2
y 7 3 1 , b?2Sinfc+dx]2 . 5
(-a®+b?) AppellF1|[—, =, 1, —, Sin[c+dx]?, —————— || Sin[c+dx]
4 2 —a?+b?

Problem 64: Result unnecessarily involves higher level functions.

1

J(a+bCos[c+dx]) vesSin[c+dx]

Optimal (type 4, 307 leaves, 9 steps):
\/FAr‘cTan [ Vb \/eSin[c+dx] } \mAr‘CTanh[ﬁz(eSin[md X1 ]

(~a2+b?) ¥4 \Je (~a2+b?) ¥4 e
+
(-a?+b2)**de (-a?+b2)**de

aEllipticpi[ —20—, 1 (C— 1+dx), 2] +/sin[c+dx]
b-+/ —a2+b? 2 2

dx

+

(az—b (b—\/—a2+b2 )) d+esSin[c+dx]

s e o 2b 1 (. =n JSinfc+dx]
aE111pt1cP1[7b+ — >, (c N +dx), 2} Sinf[c +dx]

(asz (b+\/fa2+b2 )) d+/esin[c+dx]

Result (type 6, 558 leaves):
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1

d+/Cos[c+dx]? (a+bCos[c+dx])VeSin[c+dx]

2Cos[c+dXx] (a+b Cos[c+dx]? | v/Sin[c+dx]

Tl

(7a2+b2)3/4 8 8

(1+1) /b +/Sin[c +dx] | -2 ArcTan[1+ (1+1) \/b A/Sin[c +dx]

(—az+b2)1/4 (—a2+b2)1/4
Log[+/ -a% + b? —(1+J’1)\/F(—a2+b2)1/4\/sin[c+dx] +ibsSin[c+dx]] -
Log[+/-a?+b% + (1+1) \/F(—a2+b2)1/4\/sin[c+dx] +ibSinfc+dx]]

2 ArcTan|[1 -

|+

+

b2Sin[c +dx]?

5 . )
, 1, —, Sin[c+dx]%,
4 -a%2+b?

} VSin[c +dx]

/

1 5 . )
, —» 1, —, Sin[c+dx]*,
2 4

N |

B

FNQUPN

[5 a (a®-b?) AppellF1]

[ Cos[c+dx]? (a®-b?+b?Sin[c+dx]?) [5 (aszZ)AppellFl[1
4

b2Sin[c+dx]? 5 5 1 9 . , b?Sin[c+dx]?
————————] -2 |2b2AppellF1[ =, =, 2, =, Sin[c+dx]?, — ] «
-a2 +b? 4 2 4 -a2 +b?
5 3 9 b2Sin[c+dx]?
(-a®+Db?) AppellF1[ =, =, 1, —, Sin[c+dx]?, #]J Sin[c+dx}2J
4 2 4 -aZ+b?

Problem 65: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.
1

dx
J(a+bCos[c+dx]) (esinfc+dx])>?

Optimal (type 4, 426 leaves, 13 steps):
b*>/2 ArcTan | Vb yesinlcrdx] | b%2ArcTanh| @}

(—a2+b2)1/4ﬁ (7a2+b2)1/4\/?
) (—a2+b2)5/4de3/2 : (—a2+b2)5/4de3/2 :
I 2b 1 s \/7
5 (b—aCos[c+dx1) abElllptlcPl[ibi — P, (c N +dx), 2} Sin[c +dx]
(a2-b?) deveSin[c+dx] (a2 -b?) (b—\/—a2+b2)dex/eSin[c+dx]
abEllipticPi[ —22—, % (c—§+dx), 2] V/sin[c+dx]

bir/ -a2eb? 2
(a2 - b?) (bJr\/faerb2 ) de+veSin[c+dx]

2aEllipticE[i (cf §+dx), 2| Vesin[c+dx]
(a2 -b?) de?+/Sin[c+dx]

Result (type 6, 1186 leaves):
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2 (-b+aCos[c+dx])Sin[c+dx] 1
- - Sin[c+dx]3/2
(a?-b2) d (eSin[c+dx])*? (a-b) (a+b)d (esin[c+dx])*?
1

2abCos[c+dx]? a+b\/1—Sin[c+dx]2

(a+bCos[c+dx]) (1-Sin[c+dx]?)

( V2 b Sin[c +dx] ]+2ArcTan[1+\/?\/F Sin[c +d x]

(az—b2)1/4 (az_b2)1/4
Log [~/ a® - b? 7ﬁﬁ(a27b2)”4v51n[c+dx] +bsinfc+dx]] -
Log[+/a®-b? +V/2 Vb (az—b2)1/4x/Sin[c+dx] +bSin[c+dx] ]|

a —2Ar‘cTan[1 -

] +

/

7 ,
, 1, Z, Sin[c+dx]*,

/

(42 b>2 (a?-b2) %] 4 [7b (a - b2) AppellFi|>, -
4

N |

b2 Sin[c+dx]?
#] Sin[cerx]g’/z\/l—sin[Cerx]2

—a?+b?
3 1 7 b2 Sin[c+dx]?
{3 (—7 (a>-b?) AppellF1[=, - —, 1, —, Sin[c+dx]?, #] +
4 2 4 —a% +b?
11 b2Sin[c+dx]?

2 7 _ s 2
2 (2b AppellFl[ R , 2, , Sin[c+dx]*,
4 4

}+
-a?+b?
1 1 . , b?Sin[c+dx]?
, — 1, —, Sin[c+dx]?, —M—
2 4 -a%+b?

N |

(a% - b?) AppellF1|

]

N

Sin[c +dx]?

(a2+b2 (—1+Sin[c+dx]2)>” +

1

(a*+b?) Cos[c+dx]

12 (a+bCos[c+dx]) \/l—Sin[c+dx12

(a+b\/1—sin[c+dx]2

[

1+1 b +/Si d
2ArcTan |1+ (1+4) Vb Vsinic-dx] ] -Log[+/-a*+b? - (1+i) Vb

(-a2+b2) %"
(faz+b2)1/4\/sin[c+dx] +ibSin[c+dx]| +Log[y/-a?+b? + (1+1)
Vb (-2 + b)Y \/Sin(c dx] +ibSin[c+dx}]J /(\/F(—a2+b2)1/4)+

(1+1) b /Sin[c+dx]

(~a?+b2)2/%

2ArcTan|1 -

} _

1 7 b2Sin[c +dx]?
[56a (a? - b2) AppellF1[>, =, 1, =, sin[c+dx]?, #} Sin[c+dx}3/2]/
2 4

—a?+b?

5w

s 2 2 2 3 1 7 s 2
\/1—51n[c+dx} 7 (a®-b?) AppellFi[~, =, 1, —, Sin[c+dx]?,
4" 2 4
7 1 11 .
| -2 [2 b AppellF1[~, =, 2, =, Sin[c+dx]?,
2 4

b2Sin[c +dx]?

—a% +b?

IN
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b2Sin[c+dx]?

—a% +b?

)

| + (-a® +b?) AppellF1|

&N
N W

1 5
, 1, —, Sin[c+dx]*,
4

b2 Sin[c+dx]?

—— ]]Sin[c+dx}2) (a® + b2 (—1+Sin[c+dX}2>)]]
-a‘+b

Problem 66: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.
1

J(a+bCos[c+dx]) (esin[c+dx])>?

Optimal (type 4, 447 leaves, 13 steps):

bS5/2 ArcTan [ /b +/eSin[c+dx] } b5/2 ArcTanh [ /b \/eSin[c+dx] ]

(7az+b2>1//4\/? (7a2+b2)1’/4\/?
+ +
(—a2+b2)7/4de5/2 (—a2+b2)7/4de5/2
2 (b—aCos[c+dx}) 2aEllipticF[§ (c— §+dx), 2] VSin[c+dx] .

+

3 (a%-b?) de (eSin[c+dx1)3/2 3 (a%-b?) de?+eSin[c+dx]
ab2EllipticPi| —22—, % (c— §+dx), 2] V/sin[c+dx]

b/ -a2:b?
(a2 - b?) (az—b(b—\/—a2+b2))deZ\/eSin[c+dx]
—2b l(c—lerx),Z] V/Sin[c+dx]
bir/-a2ib? 2 2
(a% - b?) (az—b(b+\/—a2+b2))dezx/esin[c+dx1

ab? EllipticPi|

Result (type 6, 1192 leaves):
_2(—b+aCos[c+dx])Sin[c+dx] . 1 Sinlc s d x5
3 (a2-b%)d (eSin[c+dx])>? 3(a-b) (a+b)d (eSin[c+dx])*?

aer\/l—Sin[c+dx]2

! 2abCos[c+dx]?
(a+bCos[c+dx]) (1-Sin[c+dx]?)

|

\/.7 \/‘7
—2Ar‘cTan[1f\/?\/F sinfc+dx] ]+2Ar‘cTan[1+\/?\/F Sin[c+dx] ] -
(a2 - b2) %" (a2 - b2) /4

Log[+/a?-b? -2 V/b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]]+
Log[+/a? - b? +\/7\/?<a2—b2)1/4\/5in[c+dx] +bsinfc+dx]]

a

/

5 . )
, 1, —, Sin[c+dx]"°,

/

N |

(4\5\5 (az—b2)3/4) + [Sb (az—bz) AppellFl[%, -

bisinle+ dx)®) reintcedx] y/1-Sinfc+dx]

—a?+b?
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b2Sin[c+dx]?

_ 2 _p2 1 71 E : 2
5 (a® - b?) AppellF1|~, ,1, =, Sin[c+dx]?2,
4 2 4 -a?+b?

5 1 9 b2Sin[c+dx]?
2 [2 b% AppellF1[ =, - =, 2, =, Sin[c+dx]?, #] + (a® - b?)
4" 2 4 -a2+ b2
5 1 9 . , b’Sinfc+dx]? . 5
AppellFl[ =, =, 1, =, Sin[c+dx]?, —————————] | Sin[c+dx]
4 2 4 -a? + b?

1

(a® +b? (1+Sin[c+dx]2)>]J +
(a+bCos[c+dx]) \/1—Sin[c+dx]2

Sl a)

(-a2:p2)>4 8 8

(1+1) b A/sin[c +dx] | - 2ArcTan[1+ (1+1) b A/sin[c +dx]

(-a2+b2) %" (-a2+b2) %"
Log[+/-a*+b? - (1+i) Vb (-a?+b?)Y*+/Sin[c+dx] +ibSin[c+dx]] -
Log[+/ -a? + b? +<1+Ji>\/F(—a2+b2)1/4\/sin[c+dx] +ibsSin[c+dx]]

a+b\/1fsin[c+dx]2

2 (a®-3b?) Cos[c+dx]

|+

2ArcTan|1 -

+

iy

) o 1 5 . , b?*Sinfc+dx]? _
5a (a?-b?) AppellF1[ =, —, 1, =, Sin[c+dx]?, —————————| V/Sin[c+dX] /
2 4

-a? + b?

IN

: 11 5
[\/1—51h[C+dX]2 [5 (a* - b*) AppellF1[—, =, 1, =, Sin[c+dx]?,
4’ 2 4

b2Sin[c +dx]? 5 5 1 9 . 5
——————————] -2 [2b*AppellF1[~, =, 2, =, Sin[c+dx]?,
-aZ+b? 4 4
b2 Sin[c+dx]? 5 3 9
#] + (-a+b?) AppellF1[ =, =, 1, =, Sin[c+dx]?,
—aZ+b? 4 2 4

b2 Sin[c+dx]? . .
—a2+b2]] Sln[c+dx}2) (a* +b? (1+51n[c+dx}2>)]]]
Problem 67: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1

J(a+bCos[c+dx]) (esin[c+dx])’?

Optimal (type 4, 501 leaves, 14 steps):
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{\/F esSinf[c+dx] ] {\/F esSinf[c+dx] }

b7/2 ArcTan b7/2 ArcTanh

(~a2+b?) ¥4 e (~a2+b?) ¥4 \fe
_ (-a2+b2)%*d e’/ (-a%+b2)¥*de’/?
2 (b-aCos[c+dx]) 2 (5b°+a(3a2-8b?) Cos[c+dx])

- +

5 (a?-b2)de (eSin[c+dx])*? 5 (a2-b2)?de’+/eSin[c+dx]

ab’Ellipticpi[ —20—, 1 (c - l+dx), 2] \/sin[c+dx]
b-+/ -a?+b? 2 2

(az—bz)2 (b—\/—a2+b2 ) de3+eSin[c+dx]

ab’EllipticPi[ —22— 1 (c - ﬂ+dx), 2] Vsin[c+dx]
b++/ —a%+b? 2 2

+

(a2 - b2)? (b+\/—a2+b2 ) de’/esin[c+dx]
2a (3a2-8b?) EllipticE[% (c—§+dx), 2] Vesin[c+dx]
5 (a2 -b%)*de*+/Sin[c+dx]

Result (type 6, 1275 leaves):

[ ]

2 (5b*+3a*Cos[c+dx] -8ab?Cos[c+dx]) Csc[c+dx]

5 (az—bz)2
2 (-b+aCos[c+dx]) Csc[c+dx]?
Sin[c+dx]*4 /
5 (a% - b?)
(d (eSin[c+dx])7/2)— ! Sin[c+dx]7/2

5(a-b)?(a+b)?d (eSin[c+dx])"?

1
(a+bCos[c+dx]) (1-Sin[c+dx]?)

ﬁ\/?\/sin[c+dx] \/?\/F\/Sin[c+dx]
| +2ArcTan|1+

(az_b2)1/4 (az_bz)l/zl
Log[+/a?-b? -2 v/b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]] -
Log[~/a?-b% +v/2 /b (az—b2)1/4\/sin[c+dx] +bsinfc+dx]]

2 (3a’b-8ab?) Cos[c+dx]? (a+b\/17$in[c+dx]2

a|-2ArcTan[1-

|+

/

7 i )
, 1, 4—, Sin[c+dx]°,

/

o 3 1 7 . , b?Sinfc+dx]?
3|-7 (a®-b?) AppellF1| =, - =, 1, —, Sin[c+dx]?, —————————
4 2 4 —a?+b?

(42 b2 (a2 - b2) M%) 4 [7b (a2 - b?) AppellFi[>, -
4

N |

b2Sin[c+dx]?

- ]Sin[c+dx]3/2\/1751n[c+dx]2
-a‘+b

|+

) 7 1 11 . , b?Sin[c+dx]?
2 |2b?AppellFl|—, - =, 2, —, Sin[c+dx]?, ————————| +
4 2 4 —a2+b?
1 , b?2Sinfc+dx]?2
, —» 1, —, Sin[c+dx]%, —————

2 _b?) AppellFi
(a )ppe [ 2 4 -a2+b?

]

F N
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Sin[c +dx]?

(a2+b2 (—1+Sin[c+dx]2)>]1 +

1

(3a*-8a*b?-5b*) Cos[c+dx]
12 (a+bCos[c+dx]) \/1—Sin[c+dx12

(a+b\/1—sin[c+dx]2

o

1+ 1 b +/Si d
2ArcTan |1+ ( I)W nic+dx] | - Log[+/-a%+b? —(1+J'1)\/F

(-a2+b2)"*
(fa2+b2)1/4\/sin[c+dx] +ibSin[c+dx] | +Log[/-a?+b? + (1+1)
Vb (-2 + b)Y \/Sin(c dx] +ibSin[c+dx}]J /(\/F(—a2+b2)1/4)+

(1+1) b /sin[c+dx]

(~a?+b2)2/%

2ArcTan|1 -

} _

1 7 b2 Sin[c +dx]?
(56a (a® - b?) AppellF1[ =, =, 1, —, Sin[c+dx]?, #} Sin[c+dx}3/2]/
2

4 -a? + b?

5w

s 2 2 2 3 1 7 s 2
\/1—Sln[c+dx} 7 (a®-b?) AppellF1[~, =, 1, —, Sin[c+dx]?,
4" 2 4
b2Sin[c +dx]? 5 7 1 1 . 5
—————————] -2|2b%AppellF1|—, =, 2, =, Sin[c+dx]?,
—a?+b? 4 2 4
b2Sin[c+dx]? 7 3 11
#] + (-a%+b?) AppellF1|—, =, 1, —, Sin[c+dx]?,
—az+b2 4 2 4

b2Sin[c+dx]?

—— ]]Sin[c+dx}2) (a® + b? (—1+Sin[c+dX}2>)]]
-a‘+b

Problem 68: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

} >11/2

dx

J (esin[c+dx

(a+bCos[c+dx])?

Optimal (type 4, 557 leaves, 15 steps):
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9a (—a2erz)S/‘lell/zAr‘cTan{vF esinfcrdx] | 9a (—a2+bz)'r’/“ell/ZAr‘cTanh[vF esinfcrdx) ]

(—az+b2)1r’/4\/? (7a2+b2)1/4ﬁ
2b11/2d " 2b11/2d -
1
(3 (21a*-28a%b? +5b*) e® EllipticF |~ (c— E+dx], 2] V/sin[c+dx] /
2 2

(7b6d\/esin[c+dx] )+

2b 1
93a° (az—b2)2e6EllipticPi[—J = (c—z+dx , 2] /sin[c+dx] /
b-+/-a2+b2 2 2

+

(Zb6 [az—b (b—x/—a2+b2 )] dveSin[c+dx]

/

2b 1
(9 a2 (az—bz)ze6 EllipticPi| —— ), = (c— E+dx], 2] V/sin[c+dx]
b++-aZ2+b?2 2 2

2 b° [az—b (b+«/—a2+b2 J] d~vesin[c+dx]
3e° (21a (a?-b?) -b (7a%-5b?) Cos[c+dx]) VeSin[c+dx]

+

7b%d
9e’ (7a-5bCos[c+dx]) (eSin[c+dx])*? e (eSin[c+dx])®?
+

35b3d bd (a+bCos[c+dx])
Result (type 6, 2229 leaves):
1((-28a%+17b?) Cos[c+dXx] (—a2+b2)2 2aCos[2 (c+dx)]| Cos[3 (c+dx) |
— + + -
d 14 b* b> (a+bCos[c+dx]) 5 b3 14 b2

Csc[c+dx]° (eSin[c+dx}>1l/2—

1

! (eSin[c+dx})1l/2

70b°dSin[c +dx]11/2 (a+bCos[c+dx]) (1-Sin[c+dx]?)

2 (35a%-126a2b2 + 75b%) Cos[c+dx]? [a+b+/1-Sin[c+dx]?

a —2Ar‘cTan[1f\/7\/F Sinfc +dx] ]+2Ar‘cTan[1+\/7\/F Sin[c +dx] ] -
(az—bz)l/4 (a27b2)1/4

Log[+/a2-b? -2 V/b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]]+
Log[+/a?-b? +v/2 /b (a®-b?)"*+/Sin[c+dx] +bSin[c+dx]]

5 . 5

, 1, Z, Sin[c+dx]*,

1 1 5 b2 Sin[c +dx]?

((-5 (a% - b?) AppellFl[~, - =, 1, =, Sin[c+dx]?, broanferdx]”
4" 2 4 -a? + b2

(4\/7\/F (az_b2)3/4) N [Sb (a% - b?) AppellFl[i, -

N |

b2Sin[c +dx]?

—a?+b?

| Vsin[c+dx] \/1—Sin[c+dx]2

|+

| 19
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2¢s 2
b4 Sin[c +dx] ]+ (aszz)

5 1 9
2 |2b?AppellF1[ =, - =, 2, =, Sin[c+dx]?,
4 2 4 -a?+b?
5 1 9 . , b?Sinfc+dx]? . 5
AppellFl][ =, =, 1, =, Sin[c+dx]?, —————————] | Sin[c+dx]
4’ 2 4 ~a? 4 b2
2 2 : 2 1
(a +b (—1+Sln[c+dx] )> +
(a+bCos[c+dx})\/1—Sin[c+dx]2
3 3 . 5 1 1 1
2 (76a°b-93ab?) Cos[c+dx] a+b\/1—51n[c+dx1 -——1=_=|4/b
(—a2+b2)3/4 8 8

(1+1‘1)\/F\/Sin[c+dx} (1+1‘1)\/F\/Sin[c+dx}
| -2ArcTan[1+ ]+

(—a2+b2)1/4 (—a2+b2)1/4

Log[+/ -a? + b? —<1+J‘1>\/F(—a2+b2)1/4\/sin[c+dx] +ibsSinfc+dx]] -

2ArcTan|1 -

+

Log[+/ -a% + b? +(1+J’1>\m(—a2+b2)1/4\/sin[c+dx] +ibSinfc+dx]]
5 . , b?Sinfc+dx]? ;
, 1, —, Sin[c+dx]*, —] VSin[c+dx]

4 -—a2+b?

/

)

F
N |

[5 a (a% - b?) AppellF1|

1 5 . )
, —» 1, —, Sin[c+dx]~,
2 4

[\/151n[c+dx}2 (5 (a* - b?) AppellFl[1
4

b2Sin[c+dx]? 5 5 1 9 . 5
—} -2(2b AppellFl[f, -, 2, —, Sin[c+dx]*,
~—a%2+b? 4 2 4
b2Sin[c+dx]? 5 3 9
#] + (-a%+b?) AppellFl[ =, =, 1, =, Sin[c+dx]?,
-aZ+b? 4 2

+

2 cs 2
bsin(cdx)? @0 (-2esinicax)? )|

—a% +b?

]] Sin[c +dx]?

1 (-14ea3b+147ab3)

(a+bCos[c+dx]) (1-2Sin[c+dx]?) \/1—Sin[c+dx}2
Cos[c+dx] Cos[2 (c+dx) |

(aer\/l—Sin[c+dx]2

(1+1) Vb Sin[c+dx]]

(—a2+b2) 1/4

(%— i) (-2a2+b?) ArcTan[1 -

b3/2 <7a2 4 b2> 3/4

1+i) /b +/Sin[c+dx] ]

~a%+b?) V4 1 1

=) +[(ff) (-2a2+ b?)
4 4

(1—1) (-2a2+b2) ArcTan|[1 + -
2 2

p3/2 (_az " bz) 3/4

Log[+/-a*+b* - (1+1i) \/F(—a2+b2)1/4\/sin[c+dx1 +ibsinfc+dx]] /
(672 (-a? +b2) ¥4 [(1 Ji) (~222+b?) Log[y/-a? +b? + (1+i) Vb (-a?+b?)

4 4
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/(b3/2 (—a2+b2)3/4 . 4\/m
b

5 . , b?Sin[c+dx]? _
,1, =, Sin[c+dx]?, ————————] /Sin[c+dx]

4 -a? +b?

+

A/ Sinf[c +dx] +ijin[c+dx]]

/

(10a (a® - b?) AppellFi[~, 1
2

FNQUPN

- 1 1 5 .
[\/1—Sln[c+dx}2 (5 (a*-b%) AppellF1[—, —, 1, =, Sin[c+dx]?,
4" 2 4

b2Sin[c +dx]?
—a%+b?

b2Sin[c+dx]?
—a?+b?

b2Sin[c+dx]?

—a% +b?

_ 2 5 1 2 s 2
| -2 |2b%AppellF1| =, =, 2, =, Sin[c +dx]?,
4 2

| + (-a® +b?) AppellF1]

)

ojw B

9 . )
, 1, —, Sin[c+dx]*,
4

IR

—

}Sin[c+dx}2) (a® +b? (—1+Sin[c+dx}2>)] -

)

9 b2 Si dx]?
,1, =, Sin[c+dx]?2, M} Sin[c+dx}5/2]/
4

36 a (a2 - b?) AppellFi
( ( ) PP [ -a?+b?

N
N |

5 1 9
(5 \/1—Sin[c+dx]2 [9 (a®-b?) AppellF1[ =, =, 1, =, Sin[c+dx]?,
4" 2 4
b2Sin[c+dx]? ; 9 1 13 . 5
——————————] -2|2b%AppellF1| =, =, 2, —, Sin[c+dx]?,
—a2 b2 4" 2 4
b2Sin[c+dx]? 9 3 13
#] + (~a?+b?) AppellFi[ =, =, 1, =, sin[c+dx]2,
—a? 4+ b2 4" 2 4

b2 Sin[c+dx]?

R ]]Sin[c+dx}2) (a®+b* (-1+Sin[c+dx]?))
-a‘+b

Problem 69: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

9/2
dx

2

J (esin[c+dx])
(

a+bCos[c+dx])

Optimal (type 4, 473 leaves, 14 steps):
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7 a (—a2+b2)3/4e9/2Ar‘cTan[W esin(cdx] | 7a (—a2+b2)3/4e9/2Ar‘cTanh[ﬁ esinfcrdx] ]

(-a2+b2) ¥4 e (~a2+b?) ¥4 e
N 2b9/2d * 2b9/2d N
2b 1
7a® (a® - b?) e® EllipticPi| ———, = (c— T dx , 2] /sin[c+dx] /
b-+/-a2+b2 2 2
(st [b—«/—a2+b2]d\/eSin[c+dx} -
2b 1
7a® (a® - b?) e® EllipticPi| ————, = (c— T dx , 2] V/sin[c+dx] /
b+ -a2+b2 2 2

+

(st [b+x/—a2+b2 ] dvesin[c+dx]
7 (5a%-3b2?) e4EllipticE[§ (c7§+dx), 2] Vesin[c+dx]
5b*d~/Sin[c+dx]

7€ (5a-3bCos[c+dx]) (eSin[c+dx})3/2 e (eS:'Ln[c+dx])7/2
+

15b3d bd (a+bCos[c+dx])

Result (type 6, 1229 leaves):
1
10b3dSin[c+dx]°/?

7 (eSin[c+dx])9/2

1

2 (5a*-3b%) Cos[c+dx]?

a+b\/1—Sin[c+dx}2)
(a+bCos[c+dx]) (1-Sin[c+dx]?)

\/.7 ’\/‘7
a —2Ar‘cTan[1—\/7\/F Sin[c +dx] ]+2Ar‘cTan[1+\/7\/F sinfc+dx] ] +
(az—bz)l/4 (a27b2)1/4

Log[+/a® - b? —\E\/F(az—bz)l/4\/sin[c+dx] +bsSinfc+dx]] -
Log [~/ a® - b? +\E\m(a2—b2)1/4\/sin[c+dx] +bsin[c+dx] |

/

7 . ,
, 1, —, Sin[c+dx]*,
4

/

y 3 1 7 . , b?Sinfc+dx]?
3 77(a -b )AppellFl[—, -=,1, =, Sin[c+dx]?, ———
4 2 4 -a?+b?

(42 b2 (a?-b2) %] 4 {7b (a® - b2) AppellF1[>, -
4

N |

b2 Sin[c+dx]?

P ]Sin[c+dx]3/2\/1—sin[c+dx12
-a‘+b

|+

b2Sin[c+dx]?

]+

2 L T 2
2 (2b AppellFl[ R , 2, , Sin[c+dx]7°,
4

2 4 —a2+b?

7 1 11 b2Sin[c+dx]?
(a®-b?) AppellFi[~, —, 1, =, Sin[c+dx]?, #}

4 2 4 -a?+b?

Sin[c+dx]?

(a2+b2 (—1+Sin[c+dx]2)>]J +
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1

abCos[c+dx] (aer\/l—Sin[c+dx]2

6 (a+bCos[c+dx]) \/1fsin[c+dx]2

([(3+3j) <1+J’1>W\/Sin[c+dx]

2Ar‘cTan[1— }—
1+i)+/b +/Sin[c+d
2 ArcTan[1 + (1+4) b Ysinie+dx | - Log[+/-a+b? - (1+1) Vb

(~a? 1 b2) V4
(a2 4 b2)1/4
(—a2+b2)1/4\/sin[c+dx] +I'LbSin[C+dX}] +Log[x/7a2+b2 + <1+I'L>

\/F(_az+b2>1/4m+ibSin[c+dx}]J /(\/F(-32+b2)1/4)+

1 7 b2 Sin[c +dx]?
(56a (a®-b?) AppellF1[=~, =, 1, —, Sin[c+dx]?, #} Sin[c+dx}3/2]/
2

4 —a?+b?

[\/1—Sin[c+dx12 [7 (a - b?) AppellF1|

nw

3.1 7 . ,

-, —» 1, —, Sin[c+dx]*°,

4" 2 4

b2Sin[c +dx]?
—a2 + b2

b2 Sin[c+dx]?

B 2 71
| -2 |2b%AppellF1|—, =, 2
4

, Sin[c+dx]2,
2

-

P | + (-a® +b?) AppellF1]| —,
-a‘+b

[
ovw AR

11 . s
1, —, Sin[c+dx]*,
4

INEEN

b2Sin[c+dx]?

.
—a?+b?

]] Sin[c+dx}2) (a% + b2 (1+Sin[C+dX]2>)]]

Q |-

4aSin[c+dx] -a%Sin[c+dx] +b?Sin[c+dx]
- +

Csc[c+dx]* (eSin[c+dx])®?
3 b3 b* (a+bCos[c+dx])

+

Sin[2 (c+dx) |
5 b2

Problem 70: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J (eSin[c+dx])7/2
(a+bCos[c+dx])2

dx

Optimal (type 4, 487 leaves, 14 steps):
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5a (—a2+b2)1/4e7/2Ar'cTan[JF esinferdx] ) 54 (—az+b2)1/4e7/2Ar'cTanh[vF eSinlerdx] ]

(-a24b2) V4 e (-a2:b2) V4 /e
2b7/2d - 2b7/2d
5 (3a%-b?) e4EllipticF[§ (c— §+dx), 2] V/sin[c+dx] 7
3b*d+/eSin[c+dx]
2b 1
(5 a’ (a® - b?) e* EllipticPi[ ————, = (c— I+dx), 2| v/sin[c+dx] /
b-+-aZ+b? 2 2

(Zb4 [az—b b—x/—a2+b2) dveSin[c+dx] | -
2b 1
(5 a? (a? - b?) e* EllipticPi[ —————, - (c— Zvdx|, 2] Vsin[c+dx] /
b++-a%+b? 2 2

2 b* [az—b

b++/-a%+b? )] dveSin[c+dx]
5e*(3a-bCos[c+dx])VeSin[c+dx] e (esin[c+dx])*?

+

3b3d bd (a+bCos[c+dx])

Result (type 6, 2156 leaves):

(2Cos[c+d xL —a2+b?
3b? b3 (a+bCos[c+dx])

)Csc[c+dx}3 (esin[c+dx])’"?

d
1

6b3dSin[c+dx]7/?

(esinfc+dx])"?

1

2 (3a®-5b%) Cos[c+dx]?

a+b\/1—Sin[c+dx}2)
(a+bCos[c+dx]) (1-Sin[c+dx]?)

\/.7 \/‘7
a —2Ar‘cTan[1fv?\/F sinfc+dx] ]+2Ar‘cTan[1+ﬁ\/F Sin[c+dx] ] -
(a2 - b2) %/ (a2 - b2/

Log[+/a?-b? -2 v/b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]]+
Log[+/a? - b? +\/7\/?(a2—b2)1/4\/5in[c+dx] +bsinfc+dx]]

5 R

> 1, Z, Sin[c+dx]°,

1 1 5 b2Sin[c +dx]?

[(—5 (a% - b?) AppellFl|~, - =, 1, =, Sin[c+dx]?, b7 5inlerdx]?
4 2 4 —a?+b?

N |

(4\/?W (a27b2)3/4) + [Sb (a® - b?) AppellFl[i, -

b2Sin[c+dx]?

—a?+b?

| Vsinfc+dx] \/1fsin[c+dx]2

|+

5 1 9 b2Sin[c +dx]?
2 [2 b2 AppellF1[ >, - =, 2, =, Sin[c+dx]2, #] + (a2 - b?)
4

2 4 —aZ+b?

b2Sin[c+dx]?

1 9
AppellFl[ =, =, 1, =, Sin[c+dx]?, ]] Sin[c+dx}2J

» |0

2 4 -—a2+b?
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1

(a2+b2 (—1+Sin[c+dx]2)>]J +
(a+bCos[c+dx]) \/1—Sin[c+dx]2

i

aer\/l—Sin[c+dx}2

8abCos[c+dx]

(~a2+b2)4 8 8
(1+1) Vb V/sin[c+dx] (1+1) Vb v/sin[c+dx]
2ArcTan|1- | -2ArcTan|1 + ]+
(—a2+b2)1/4 (—a2+b2)1/4

Log[~/-a2+b? - (1+1i) Vb (-a?+b?)**+/Sin[c+dx] +ibSin[c+dx]] -
Log[+/ -a® + b? +(1+J’1>W(—a2+b2)1/4\/sin[c+dx] +ibSinfc+dx]]

+

s o 1 1 5 . , b?Sinfc+dx]? _
5a (a?-b?) AppellF1[~, —, 1, =, Sin[c+dx]?, —————————| V/Sin[c+dX] /
4" 2 4 —aZ+b?

1

{\/151n[c+dx]2 (5 (a* - b%) AppellF1|—

4

b2Sin[c+dx]?
—a% +b?

b2Sin[c+dx]? ) w2 5
T m |+ (-a +b)AppellF1[4

bl

| -2 [2 b? AppellF1| >
4

b2 Sin[c+dx]?

—a?+b?

(a® + b? (—1+Sin[c+dx}2>)]

]] Sin[c+dx]?

1
6abCos[c+dx]

(a+bCos[c+dx]) (1-2Sin[c+dx]?) \/l—Sin[c+dx12
Cos[2 (c+dx)]
(aer\/l—Sin[c+dx]2

(1+1) Vb Sin[c+dx]]

(~a2eb?) /4

(%— i) (-2a2+b?) ArcTan[1 -

p3/2 <—a2 + b2> 3/4

1+i) Vb Sin[c+dx]]

<fa2+bz) 14

(i— i) (-2a2+b2) ArcTan |1 + -

b3/2 (—a2+b2)3/4
[(E—E) (-2a%+b?) Log[+/-a%+b® - (1+1) b (—a2+b2)1/4\/sin[c+dx] +
4 4
/ (b3/2 (—a2+b2)3/4) _
[(E—E) (-2a%+b?) Log[+/-a®+b® + (1+1) b (—a2+b2)1/4\/sin[c+dx] +
4+/Sin[c+dX]

4 4
p3/2 (_g2 . p2)3/4
/( ( a“ + ) )+ b +

ibSin[c+dx] ]|

ibSinfc+dx] |
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/

)

5 . , b?Sinfc+dx]?2 .
, 1, =, Sin[c+dx]?, ————————] /Sin[c +dX]
4

10 a (a? - b?) AppellF1
( ( > PP [ —a?+b?

FNQUN
N |

: 1 1 5
(\/151n[c+dx}2 [5 (a*-b%) AppellF1[—, =, 1, =, Sin[c+dx]?,
4 2 4

b2Sin[c+dx]?
—a% +b?

b2sSin[c+dx]?
—a?+b?

bZSin[c+dx]2]]

-a2 + b?

_ 2 E 1 2 : 2
| -2 |2b*AppellF1[ =, =, 2, =, Sin[c+dx]?,
2 4

IS

| + (-a® +b?) AppellF1| =, i, 1, 2, Sinf[c +dx]?,
2 4

NV

Sin[c+dx}2) (a® +b? (—1+Sin[c+dx}2>)] -

9 b2 si dx]?
,1, =, Sin[c+dx]?, M} Sin[c+dx}5/2]/

’ 4 -a%+b?

(36 a (a®-b?) AppellF1]

IV
N =

5 1 9
[5 \/1—Sin[c+dx]2 [9 (a® - b%) AppellFl[ =, =, 1, =, Sin[c+dx]?,
4 2 4
b2Sin[c+dx]? , 9 1 13 . 5
—————————] -2 |2b%AppellF1| =, =, 2, =, Sin[c+dx]?,
a2+ b? 4 2 4
b2 Sin[c+dx]? 9 3 13
#] + (-a?+b?) AppellF1| =, =, 1, —, Sin[c+dx]?,
-aZ+b? 4 2 4

b2Sin[c+dx]?

R ]]Sin[c+dx}2) (a®+b* (-1+Sin[c+dx]?))
-a‘+b

Problem 71: Result unnecessarily involves higher level functions.

J (eSin[Cerx])S/2 5
X
(a+bCos[c+dx])2

Optimal (type 4, 404 leaves, 13 steps):

33652 ArcTan [ \b esin[/c+d x] ] 32652 ArcTanh [ Vb eSinEc+d x] ]
<7az+bz>l/4\/? (—a2+b2>1/4\/?
_ + N
2b°2 (~a2+b2) V4 d 2b°2 (~a2+b2)V*d

3a2e3 EllipticPi[#, i (c—§+dx), 2} VSin[c+dx]

b-+/ -a2+b?
2b3(b—\/—a2+b2)d\/eSin[c+dx]
2 03 E11ipticpi| 20 1 = JSinfcrdx
3ale E111pt1cP1[b+ o (c ; +dx), 2| v/sin[c+dx]
2b3(b+\/7a2+b2)d\/esin[c+dx}

3e2 EllipticE |2 (c-§+dx), 2] Jesin[c+dx] e (esinfc+dx])¥?

+

b2d+/Sin[c+dx] bd (a+bCos[c+dx])

+
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Result (type 6, 616 leaves):

Csclc+dx] (esSin[c+dx])®? 1

bd (a+bCos[c+dx]) bd (a+bCos[c+dx])Sin[c+dx]*? (1-Sin[c+dx]?)

3Cos[c+dx]? (eSin[c+dx])®? (aer\/l—Sin[c+dx]2

\E\/F\/Sin[Cerx} \/?\/F\/Sin[cmx}
} +2Ar‘cTan[1Jr

(a2 - b2) %/ (a2 - b2) %/
Log[+/a?-b? -2 V/b (a®-b2)Y*+/Sin[c+dx] +bSin[c+dx]] -
Log[+/a?-b? +/2 /b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]]

a 72Ar'cTan[1—

|+

(4\/7b3/2 (az—b2)1/4) + [7b (a% - b?) AppellFl[i, —l, 1, Z, Sin[c+dx]?2,
4’ 2 4

b%2sSin[c+dx]?

b2Sin[c +dx]?

- ]Sin[c+dx]3’/2\/1—sin[c+dx]2
-a‘+b

|+

31 7
[3 (—7 (a®-b?) AppellF1[=~, - —, 1, —, Sin[c+dx]?,
4

2 4 —aZ+b?
, 7 1 1, , b?Sin[c+dx]?
2 |2b%AppellFl]—, - =, 2, —, Sin[c+dx]?, ————————| +
4 2 4 -a2+b?

~N

b2Sin[c +dx]?

—a2 + b2 }

1 11
(a®-b?) AppellFi[—, =, 1, =, Sin[c+dx]?,
2 4

IN

Sin[c+dx]?

(a? + b2 (_1+Sin[C+dX]2)>]]

Problem 72: Result unnecessarily involves higher level functions.

3/2

dx

j (esin[c+dx])
(

a+bCos[c+dx])2

Optimal (type 4, 418 leaves, 13 steps):
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/b +/eSin[c+dx] }
(~a2+b?) V" e

2b%2 (~a2+b2)**d

Vb Jesin[cid
( ze 21)2[4“ *-]  ae¥2ArcTanh]
-a%+b%) /" /e

2b%2 (~a2+b2)3*d

e? EllipticF[i (c—§+dx), 2} VSin[c+dx]

b2d~+/eSin[c+dx]
aze? EllipticPi[$, % (c— E+dx), 2] V/sinf[c+dx]

b-+/ -a2+b? 2
+

2 b2 (az-b (b—\/—a2+b2 )) d/esin[c+dx]

a?e? Ellipticpi[ —22—, % (c— ﬂ+dx), 2] V/sin[c+dx]
bir/-a2ib? 2 2 evesSin[c+dx]
+
bd (a+bCos[c+dx])

b+ -a%+b? )) d+esSin[c+dx]

ae*2ArcTan|

+

2 b2 (asz

Result (type 6, 614 leaves):
Csclc+dx] (esSinfc+dx])>? 1

bd (a+bCos[c+dx])
Cos[c+dx]? (eSin[c+dx])>? (a+b\/1fsin[c+dx]2

[a V2 /b \/Sin[c-dx] V2 b VSin[crdx]

bd (a+bCos[c+dx]) Sin[c+dx]*? (1-Sin[c+dx]?)

-2 ArcTan[1 - | +2ArcTan(1+
(az _ b2)1/4

<a27b2)1/4
Log[+/a? - b? —\/7\/F<a2—b2)1/4\/sin[c+dx] +bsinfc+dx] ]|+
Log[+/a2-b? +v/2 /b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]]

/

5 . 5
, 1, —, Sin[c+dx]*,
4

bZSin[c+dx}2]
- +

N |

(4\/7\/F (az—b2)3/4) + [Sb (a®>-b?) AppellFl[%, -

2 s 2
B2 SAnie dXI%y reintcrdx] A/1-sin(c+dx]?

-a%+b?

1 5 . ,
, 1, —, Sin[c+dx]*,

1
[(5 (a> - b?) AppellF1[~, - —
4 2 4 —aZ+b?
5 5 1 9 . , b?Sinfc+dx]?
2 |2b%AppellF1[~, - =, 2, =, Sin[c+dx]?, ————————] +
4 2 4 —a?+b?
5 1 9 b2sin[c+dx]?
(a®-b?) AppellF1[~, =, 1, =, Sin[c+dx]?, #]]
4 2 4 -a? + b?

Sin[c+dx]?*| (a®+b? (—1+Sin[c+dx]2)>]
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Problem 73: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J \eSin[c+dx]
(

a+bCos[c+dx])?

dx

Optimal (type 4, 438 leaves, 13 steps):

a\/?Ar‘cTan[\/F esinfc+dx] ] a\/?Ar'cTanh[W esin[c+dx] l

(~a2+b?) ¥4 e (-a2+b?) Y4 e
216 (-a?+b2) %% 26 (~a?+b2) %%
a?eEllipticpi[ —20— 1 (c _Z.d x) , 2] V/sin[c+dx]
b-+/ —a2+b? 2 2

+

2b (a? - b?) (b—\/—a2+b2 ) d+esSin[c+dx]

a’eEllipticPi| —2—, i (c— §+dx), 2] v/sin[c+dx]

b++/ -a2+b?

2b (a? - b?) (b+\/7a2+b2 ) d/esin[c+dx]

+dx),2] veSin[c+dx] b(eSin[c+dx})3/2

A/Sin[c+dx] (a2-b?) de (a+bCos[c+dx])

EllipticE[? (c-

(a”-b?) d

Result (type 6, 1181 leaves):
bSin[c+dx] vVeSin[c+dXx] 1

+ vVeSin[c+dx]
(-a?+b?) d(a+bCos[c+dx]) 2 (a-b) (a+b)dvsin[c+dx]
! 2bCos[c+dx]? a+b\/1—Sin[c+dx]2
(a+bCos[c+dx]) (1-Sin[c+dx]?)
\/.7 \/.7
a —2Ar‘cTan[1—\/?\/F Sin[c+dx] ]+2Ar‘cTan[1+\/?\/F Sin[c+dx] ]+
(a27b2)1/4 (a27b2)1/4

Log[+/a?-b? -2 /b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]] -
Log [~/ a® - b? +\/?\/F(a27b2)1/4\/sin[c+dx] +bsinfc+dx] ]|

/

7 2
1, , Sin[c+dx]%,

(4\/7b3/2 (a% - b2)1/4) + [7b (a® - b?) AppellFl[3

b2Sin[c +dx]?

1
2
| sinfc+dx] 3/2\/1 Sin[c +dx]? )
—a?+b?
3 1 7 b2Sin[c+dx]?
[3 (—7 (a®-b?) AppellF1[=~, - —, 1, —, Sin[c+dx]?, #] +
4 2 4 —a? + b2

5 7 1 1, , b?Sin[c+dx]?
212b AppellFl[f, -—, 2, —, Sin[c+dx]°, ————
4 2 4 -~a2+b?

} +
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(a®-b?) AppellF1[~, =, 1, —, Sin[c+dx]?,
2 4 —aZ+b?

IN

7 1 11 bZSin[c+dx]2})

Sin[c+dx]?

(a2 4 b (—1+Sin[c+dx]2)>]J .

1

aCos[c+dx] (a+b\/175in[c+dx]2

6 (a+bCos[c+dx]) \/175in[c+dx]2

(1+i) Vb VSin[c+dx]
(3+31) |2ArcTan|1- | -
(—a2+b2>1/4
1+1)+b +/Si d
2Ar‘cTan[1+( +1) inferdx] | - Log[+/-a®+b® - (1+1i) Vb
(—a2+b2)1/4
(—a2+b2)1/4\/sin[c+dx] +ibSin[c+dx] | +Log[y/-a*+b* + (1+1)
Vb (-a?+b?)M*/sin[c+dx] +ijin[c+dx}]]

/(W (_az+b2)1/4) .

)

(56 a (a®-b?) AppellF1]|

M w
N |

7 b2Sinf[c+dx]?
s 1’ -, Sin[C‘FdX]z; #} Sin[c+dx13/2]/
4 -a2+b?

. 2 2 2 3 1 7 . 2
\/1—51n[c+dx} 7 (a* - b?) AppellFl[ =, =, 1, —, Sin[c+dx]?,
4" 2 4
b2Sin[c +dx]? , 7 1 1 5
—————————] -2 |2b%AppellF1|~, —, 2, —, Sin[c+dx]?,
-a%2+b? 4 2 4
b2Sin[c+dx]? 7 3 11
#] + (-a?+b?) AppellF1|—, =, 1, —, Sin[c+dx]?,
~a? + b2 4" 2 4

b2Sin[c+dx]?

- ]]Sin[c+dx}2) (a% + b2 (—1+Sin[c+dx}2>)]]
-a’+b

Problem 74: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

j ! dx
(a+bCos[c+dx])*VeSin[c+dx]

Optimal (type 4, 445 leaves, 13 steps):



Mathematica 11.3 Integration Test Results for 4.2.1.2 (g sin)”p (a+b cos)”~m.nb | 31

/b +/eSin[c+dx]
3a+/b ArcTan
{ (7az+b2>1/4\/? }

2 (-a?+b2)7"*de

/b \/eSin[c+dx]
3a\mAr‘cTanh[ (-a%b2) V4 e ] EllipticFE (c— f +dx), 2} VSin[c +dx]

2 (-a2+b%)"*de (a?-b2) d+/eSin[c+dx]

3a?Ellipticpi[ —2—, 1 (c- l+dx), 2] /sin[c+dx]
b-+/ -aZ+b? 2 2

2 (a2 - b?) (az—b (b—\/—a2+b2 )) d+/eSin[c +dx]

3a2Ellipticpi| —20—, 1 (c— ﬂ+dx), 2] V/sin[c+dx]
b++/ -a2+b? 2 2

+

+

b+veSin[c+dx]

2 (a2 - b?) (asz (b+x/fa2+b2 )) d+/esin[c+dx] (a2-b?) de (a+bCos[c+dx])
Result (type 6, 1182 leaves):
bSin[c+dx] 1 .
_ + \/Sinfc+dx]

(a2-b?) d (a+bCos[c+dx]) VeSin[c+dx] 2 (a-b) (a+b)d+eSin[c+dx]

1
- 2bCos[c+dx]?
(a+bCos[c+dx]) (1-Sin[c+dx]?)

[( \/Tx/Fx/Sin[c+dx] \/Tx/Fx/Sin[c+dx]
a - | +2ArcTan|1 +

(a?-b2)¥* (a?-b2)¥*
rJa2-b2 -+/2 \/b (az—b2)1/4\/Sin[c+dx] +bsin[c+dx]] +Log|
rJa?-b% ++/2 \/b (az—b2)1/4\/sin[c+dx} +bSin[c+dx]] J/

aer\/l—Sin[Cerx}2

-2ArcTan|1

| - Log]|

1 1 5
(42 Vb (a2-b%)>*) (Sb (a% - b2) AppellF1[~, - =, 1, =,
4 2 4
b2 Sin[c+dx]?
Sinfc+dx]?, #]\/Sin[c+dx] \/l—Sin[c+dx]2 /
-~aZ+b?
1 1 5 b2Sin[c+dx]?
[[5 (a® - b?) AppellF1]~, - =, 1, =, Sin[c+dx]?, #] +2
4" 2 4 -aZ+b?
) 5 1 9 . , b?sinf[c+dx]?
2b% AppellFl| =, - =, 2, =, Sin[c+dx]?, ———————— | +
4 2 4 —a% +b?
5 1 9 b2Sin[c+dx]?
(a® - b%) AppellFl[ =, =, 1, =, Sin[c+dx]?, M}J
4" 2 4 -a2+b?
Sin[c+dx]?| (a®+b? (1+Sin[c+dx]2>)) +
1

4acCos[c+dx] (a+b\/1751n[c+dx]2

(a+bCos[c+dx]) \/1—Sin[c+dx]2
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(_%[1}_]%

-a?+bp2)¥4 18 8

(1+Ji) \/F\/Sin[Cerx} ]—ZAr‘cTan[lJr (1+1'L) \/F\/Sin[Cerx}

(—a2+b2)1/4 (—a2+b2)1/4
Log[+/ -a® + b? —<1+Ji>\/F(—a2+b2)1/4\/5in[c+dx] +ibSinfc+dx]] -
Log[+/ -a? + b? +<1+J'1>\/F(—a2+b2)1/4\/sin[c+dx] +ibSin[c+dx]]

2 ArcTan [1 -

] +

+

1 1 5 b2 Sin[c+dx]?

(Sa (a®-b%) AppellFi[~, =, 1, =, Sin[c+dx]?, ————————| +/Sin[c+dx] J/
2 4

IN

—a% +b?

1 5
[\/1—Sin[c+dx}2 (5 (a® - b?) AppellFl[~, =, 1, =, Sin[c+dx]?,
2

1
4 4

b2Sin[c +dx]? 5 5 9 . 5
—————————] -2|2b%AppellF1| =, =, 2, =, Sin[c+dx]?,
—a2+b? 4" 2 4
b2Sin[c+dx]? 5 3 9
#] + (-a?+b?) AppellFl[ =, =, 1, =, Sin[c+dx]?,
—a2+b? 4" 2 4

b2Sin[c+dx]? . .

T]J Sln[c+dx}2) (a® +b? (1+Sln[c+dx}2>)]]

Problem 75: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1

dx
J(a+bCos[c+dx])2 (esinfc+dx])>?

Optimal (type 4, 507 leaves, 14 steps):

52 b3/2 ArcTan [ Vb /esSinfc+dx] } 53 b3/2 ArcTanh [ @]

(~a2+b?) ¥4 e (~a2+b?) ¥4 e
2 (-a?+b2)*de’? 2 (-a?+b2)*de¥?
b S5ab- (2a?+3b?) Cos[c+dx]

+ —

(a2-b?) de (a+bCos[c+dx])VeSin[c+dXx] (az—bz)zde\/esin[c+dx}

5a’bEllipticpi| —22—, % (c— 1+dx), 2] V/sin[c+dx]
b/ a2b? 2 2

2 (az—bz)2 (b—\/—a2+b2 ) de+eSin[c +dx]

5a’bEllipticPi| —22—, 1 (C— l+dx), 2] +/sin[c+dx]
b++/ —a2+b? 2 2

2 (a2-b?)? (b+\/—a2+b2 ) de/eSin[c+dx]
(2a%+3b?) EllipticE[i (c—§+dx>, 2] Vesin[c+dx]
(az—bz)zdezx/sin[c+dx]
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Result (type 6, 1259 leaves):

Sin[c+dx]?
2 (-2ab+a?Cos[c+dx] +b?Cos[c+dx]) Csc[c+dx] b3 Sin[c +dx] J]/
- +
(az—bz)2 (az—bz)z(a+bCos[c+dx}>
(d (eSin[c+dx])3/2)— = Sin[c+dx]3/2
2 (a-b)?(a+b)?d (eSin[c+dx])>?
1
2 (2a’b+3b’) Cos[c+dx]? a+b\/1—Sin[c+dx]2
(a+bCos[c+dx]) (1-Sin[c+dx]?)
\/.7 \/.7
a —2Ar‘cTan[1—\/7\/F Sin[c+dx] ]+2Ar‘cTan[1+\/7\/F Sinfc+dx] ]+
(a27b2)1/4 (a27b2)1/4

Log[+/a2-b? -2 /b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]] -
Log[+/a?-b? +v/2 /b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]]

3 1 7
(4\/2 b3/2 (az—b2)1/4) + {7b (a> - b%) AppellF1[=, - —, 1, —, Sin[c+dx]?,
4’ 2 4
3 1 7 b2sSin[c+dx]?
(3 (—7 (a? - b2) AppellF1[>, - =, 1, =, Sin[c+dx]2, pPsanfecrdxi”
4 2 4 -a? + b?

b2 Sin[c+dx]?

- ]Sin[c+dx]3/2\/1—Sin[c+dx12
-a‘+b

|+

5 7 1 1 _, , b?Sin[c+dx]?
2 |2b%AppellFl][—, - =, 2, —, Sin[c+dx]?, ————————| +
4 2 4 -a?+b?
7 1 11 b2Sin[c+dx]?
(a® - b?) AppellFi[~, =, 1, =, Sin[c+dx]?, #}
4’ 2 4 _a? 4+ b2

Sin[c+dx]? "

(a2+b2 (—1+Sin[c+dx]2)>]

1

(2a®+8ab?) Cos[c+dx]

12 (a+bCos[c+dx]) \/1—Sin[c+dx}2

(a+b\/lfSin[c+dx]2

[

1+1 b ~/Si d
2Ar‘cTan[1+( +1)\/— nic+dx] | - Log[+/-a%+Db? —(1+J‘1)\/F

(—a2+b2)1/4
(—a2+b2)1/4\/sin[c+dx] +ibSin{c+dx]]| +Log[+/-a?+b? + (1+1)
W(faz+bz>1/4ﬂ/sin[c+dx] +1’1bSin[c+dx]]J /(\/F(fa2+b2)1/4)+

(1+1) \/b A/Sin[c +dx]

(—a2+b2)1/4

2 ArcTan|1-

} _
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7 b2 si dx]?
,1, =, Sin[c+dx]?2, M} Sin[c+dx}3/2]/
4 -a%2+b?

B

(56 a (a®-b?) AppellF1]

Sw
N |

: 2 2 2 31 7 e 2
\/1—51n[c+dx] 7 (a* - b%) AppellFl[ =, =, 1, —, Sin[c+dx]?,
4 2 4
b2Sin[c+dx]? 5 7 1 11 5
—————————] -2|2b%AppellF1|~, —, 2, =, Sin[c+dx]?,
—aZ+b? 4 2 4
b2Sin[c+dx]? 7 3 11
#] + (-a?+b?) AppellF1|—, =, 1, —, Sin[c+dx]?,
2. p2
—a2+b 4’ 2 4

b2 Sin[c+dx]?

—— ]]Sin[c+dx}2) (a% + b? (—1+Sin[c+dx}2))]]
-a‘+b

Problem 76: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1

dx
J(a+bCos[c+dx])2 (esin[c+dx])®?

Optimal (type 4, 530 leaves, 14 steps):

7ab®/2 ArcTan | Wz Zes’zl):f;j:] | 7ab%2ArcTanh| Vb yJesin(cdx] ]
—a+b%) 7/ e

(-a2+b2) Y4
2 (—a2+b2)11/4de5/2 2 (—a2+b2)11/4de5/2
b 7ab- (2a%+5b?) Cos[c+dx]
N

.

(aszz)de(a+bCos[c+dx])(eSin[c+dx])3/2 3(az—bz)zde(eSin[c+dx])3’/2

(222 +5b2) EllipticF[i(c—§+dx),2} \sin[c +dx] )
3(a2—b2)2de2\/esin[c+dx]

7a2b2 EllipticPi| —22—, (c— x +dx), 2] V/sin[c+dx]
b-+/ -a2+b? 2 2

2 (az—bz)2 (az—b (b—\/—a2+b2 )) de?+/eSin[c+dx]

7a2b? EllipticPi[ —22—, 1 (c— z +dx), 2] V/sin[c+dx]
b+/ —a2+b? 2 2

2 (aszz)z (az—b b+ -a?+b? )) de2+/eSin[c+dx]

Result (type 6, 1257 leaves):
[ b3 2 (-2ab+a?Cos[c+dx] +b?Cos[c+dx]) Csclc+dx]?
(a27b2>2 (a+bCos[c+dx]) 3 (aszz)2

/(d (eSin[c+dx])5/2) + = Sinfc+dx]%?
6 (a-b)?(a+b)?d (eSin[c+dx])>?

Sin[c+dx]3
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a+b\/1—Sin[c+dx]2

1
2 (2a*b+5b’) Cos[c+dx]?
(a+bCos[c+dx]) (1-Sin[c+dx]?)

\/.7 \/.7
( V2 b Sin[c +dXx] ]+2Ar~cTan[1+\/?\/F Sin[c +dXx] ]_

(a2 -b2) V% (a2 -b2) V"
Log[~/a?-b% -2 /b (az—b2)1/4\/sin[c+dx] +bsinfc+dx] ]|+
Log [~/ a® - b? +v2 Vb (az—b2)1/4\/sin[c+dx] +bSin[c+dx] ]|

a|-2ArcTan|1-

/

5 . 5
, 1, —, Sin[c+dx]*,
4

bZSin[c+dx]2]
- | +

N |

(4\/7\/F (az—b2)3/4) + [Sb (a®>-b?) AppellFl{%, -

2 e 2
2 SAnie +dXI%y reintcrdx] A/1-sin(c+dx]?

—a?+b?

_ 2 _p2 1 71 E : 2
5 (a® - b?) AppellFl| =, ,1, =, Sin[c+dx]?2,
4 2 4 -a?+b?

2¢cs 2
b2 Sin[c +dx] ]+ <a2_b2)

2 5 .1, 9 2
212b AppellFl[ R » 2, —, Sin[c+dx]*,
4 2 4 —aZ+b?

5 1 9 , b?Sinfc+dx]? 5
AppellFl[ =, =, 1, =, Sin[c+dx]?, —————————] | Sin[c+dx]
4 2 —aZ+b?
1
(a2+b2(1+Sin[c+dx]2)>]J+

(a+bCos[c+dx]) \/1—Sin[c+dx]2

2 (2a*-16ab*) Cos[c+dx] a+b\/1751n[c+dx}2) 7;(171—)Vb
(—a2+b2)3/4 8 8
(1+1) Vb +/Sin[c+dx] (1+1) Vb +/Sin[c+dx]
2ArcTan|1 - | -2ArcTan|1+ |+
(7a2+b2)1/4 (7a2+b2)1/4

Log[+/-a*+b? - (1+i) Vb (-a?+b?)Y*+/Sin[c+dx] +ibSin[c+dx]] -
Log[+/ -a® + b? +<1+i)\/F(—a2+b2)1/4\/Sin[c+dx] +ibSinfc+dx]]

+

) o 1 1 5 . , b?Sinfc+dx]? _
5a (a?-b%) AppellF1[~, —, 1, =, Sin[c+dx]?, —————————| V/Sin[c+dX] /
4 2 4 -a? + b?
s 2 2 2 1 1 > s 2
\/1—Sln[c+dx} 5 (a®-b?) AppellF1[~, =, 1, =, Sin[c+dx]?,
4’ 2 4
b2Sin[c +dx]? 5 5 1 9 . 5
——————————] -2 |[2b*AppellF1[~, =, 2, =, Sin[c+dx]?,
-aZ+b? 4 4
b2 Sin[c+dx]? 5 3 9
b%5infe+dx]? | + (-a®+b?) AppellF1|[ =, =, 1, =, Sin[c+dx]?,
-a?+b? 4 2 4

b2Sin[c+dx]?

a2+b? (-1+Sin[c+dx]?
e d #08 [asinieax)) |

]J Sin[c+dx]?
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Problem 77: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1
J(a+bCos[c+dx])2 (esin[c+dx])’?

dx

Optimal (type 4, 590 leaves, 15 steps):
9ab7/2Ar‘cTan[vF esin(c+dx] ] 9ab7/2ArcTanh[Eﬁ esin[c+dx] ]

(-a2+b?) ¥4 e (-a2+b?) V% e
2<—a2+b2)13/4de7/2 2(—a2+b2)13/4de7/2
b

+

(a2-b?)de (a+bCos[c+dx]) (eSin[c+dx])>?
9ab- (2a%+7b?) Cos[c+dx] 3 (15ab®+ (2a*-10a%b?-7b*) Cos[c+dx])

- +

5 (aszz)zde (eSin[Cerx])S/2 5 <a27b2)3de3\/esin[c+dx}
9a2b3EllipticPi| —22—, 1 (c— 1+dx), 2] V/sin[c+dx]
b-+/ -a?+b? 2 2

+

2 (a2-b?)° (b7\/7a2+b2 ) de3+/eSinfc+dx]

9a2b®Ellipticpi[ —2—, 1 (c- x +dx), 2] \/sin[c+dx]
b++/ —a?+b? 2 2

2 (a?-b?)? (b+\/—a2+b2 ) de3+/eSin[c +dx]

1
(3 (2a*-10a%b? - 7b*) EllipticE[ (c—z+dx , 2] Vesin[c+dx]
2

2
(5 (az—b2)3de4x/sin[c+dx} )

/

Result (type 6, 1344 leaves):

. 1
Sin[c+dx]* |- ——M—
5 (az—bz)3
2 (20ab*>+3a*Cos[c+dx] -15a’b*>Cos[c+dx] -8b*Cos[c+dx]) Csclc+dx] -
2 (-2ab+a?Cos[c+dx] +b?Cos[c+dx]) Csc[c+dx]> b5 Sin[c +dx] /
S(az—bz)2 (az—b2)3(a+bCos[c+dx])
1

d (eSin[c+dx])7?) -
(( ) ) 10(a—b)3(a+b)3d(eSin[c+dx])7/2

1

3Sin[c+dx]7/?

(a+bCos[c+dx]) (1-Sin[c+dx]?)

2 (2a*b-102a%b’>-7b%) Cos[c+dx]?

|

a+b\/1—Sin[c+dx]2

\/?\/F Sin[c +dx] ]+2ArcTan[1+\/?\/F Sinf[c +dx]

(az_b2)1/4 (az_b2)1/4

a —2Ar‘cTan[1—

] +
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Log[+/a® - b? —\/Tx/F(az—bz)l/4\/Sin[c+dx] +bsSinfc+dx]]| -
Log [~/ a® - b? +\E\m<a2—b2)1/4\/sin[c+dx] +bsin[c+dx] ]|

/

7 . )
, 1, —, Sin[c+dx]*°,
4

/

b%2sSin[c+dx]?

(42 b2 (a?-b2) %] 4 {7b (a? - b2) AppellF1|>

- -

4

N |

b2 Sin[c+dx]?

—a?+b?

]Sin[c+dx]3/2\/1—Sin[c+dx]2

3 1 7
(3 (7 (a®-b?) AppellF1[=~, - —, 1, —, Sin[c+dx]?,
4

|+

2 4 —a?+b?
7 1 11 b2Sin[c+dx]?
2 [2 b% AppellF1[—, - =, 2, —, Sin[c+dx]?, #} + (a®-b?)
4" 2 4 -a?+ b2
7 1 11 , b?Sin[c+dx]? . 5
AppellFl[—, =, 1, —, Sin[c+dx]?, —————————| | Sin[c+d x]
4 2 4 -a? + b2

1
+

(a® +b? (1+Sin[c+dx]2)>]

12 (a+bCos[c+dx]) \/1—Sin[c+dx]2

(2a°>-10a°b*-22ab*) Cos[c+dx]

o

1+1 b +/Si +d
2ArcTan |1+ (1+4) Vb Vsinic-dx] ] -Log[+/-a*+b? - (1+i) Vb

(7a2+b2)1/4
(—a2+b2)1/4\/sin[c+dx] +ibSinfc+dx]| +Log[+/-a%+b? +(1+1)
\/F(-a2+b2>1/44/sin[c+dx] +ibSin[c+dx]]J /(\/F(_32+b2)1/4)+

a+b-/1-Sin[c+dx]?

(1+1) b /sin[c+dx]

(~a?+b2)2/%

2ArcTan|1 -

} _

1 7 b2 Sin[c +dx]?
(56a (a®-b?) AppellF1[=~, =, 1, —, Sin[c+dx]?, #} Sin[c+dx}3/2]/
2

4 -a? + b?

Sw

. 2 2 2 31 7o 2
\/1—51n[c+dx} 7 (a®-b?) AppellF1[=~, =, 1, —, Sin[c+dx]?,
4’ 2 4
b2Sin[c +dx]? 5 7 1 1 . 5
——————————] -2 |2b*AppellF1[~, =, 2, —, Sin[c+dx]?,
—a% +b? 4 2 4
b2 Sin[c+dx]? 7 3 11
#] + (-a?+b?) AppellF1|—, =, 1, —, Sin[c+dx]?,
-a?+b? 4 2 4

b2Sin[c+dx]?

— ]]Sin[c+dx}2) (a® +b? (1+Sin[c+dx}2>)]]
-a“+b

Problem 78: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.
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(eSin[c+dx}>13/2
J( dx

a+bCos[c+dx])3
Optimal (type 4, 590 leaves, 15 steps):

11 (9a*-11a%*b?+2b*) /2 ArcTan [ Vb eSin[e+dx] }
(-a2ub2) V4 Ve

8b'/2 (~a2+b2) 4 d

/b \/eSin[c+dx] }

11 (9a*-11a%b? + 2b*) e'¥/2 ArcTanh| ) e
—a‘+b%) ™ e

8b13/2 (~a?+b2) 14 d

4 212 4\ 7 Locs s 2b 1 7t :
11a (9a*-11a’b?+2b*) e’ E1lipticPi| ——, = (c—7+de,2] \/Sin[c+dx] /
b-v-aZ+b2 2 2
[8b7 [b—x/—a2+b2]d\/esin[c+dx} -
4 212 4\ .7 P 2b 1 7T :
11a (9a*-11a>b”+2b*) e’ EllipticPi| —————, = (c——+dx » 2] /sin[c+dx] /
b+vV-a2+b2 2 2

+

[Sb7 [b+«/—a2+b2 ] dveSin[c+dx]
11a (45a?-37b?) e6EllipticE[§ (c—§+dx), 2] Vesin[c+dx]
20b%d~/Sin[c +dx]

11e® (5 (9a%-2b%) -27abCos[c+dx]) (eSin[c+dx])3/2

+

60 b° d
11e® (9a+2bCos[c+dx]) (eSin[c+dx])’/? e (esin[c+dx])™?
+
28b3d (a+bCos[c+dx]) 2bd<a+bCos[c+dx}>2

Result (type 6, 1324 leaves):

1 1
11 (eSin[c+dx])*"?

40b°dSin[c+dx]13/2 (a+bCos[c+dx]) (1-Sin[c+dx]?)

a+b\/1751n[c+dx}2

\E\/F\/Sih[Cﬁ-dX] \E\/F\/Sih[Cﬁ-dX]
| +2ArcTan|1+

(a27b2)1/4 (a27b2)1/4
Log[~/a?-b% -2 /b (az—b2)1/4\/sin[c+dx] +bsSinfc+dx]] -
Log [~/ a® - b? +v2 Vb (az—b2)1/4\/sin[c+dx] +bSin[c+dx] ]|

2 (45a°-37ab?) Cos[c+dx]?

|

a

-2 ArcTan[1 -

|+

/

7 . 2
, 1, —, Sin[c+dx]*,
4

/

(42 b¥2 (a?-b2) %) 4 {7b (a? - b2) AppellFi[>, -
4

N |

b2 Sin[c+dx]?

P ]Sin[c+dx]5‘/2\/1—sin[c+dx]2
-a‘+b
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b2sSin[c+dx]?

|+

3 1 7
(3 (7 (a®-b?) AppellF1[=~, - —, 1, —, Sin[c+dx]?,
4

2 4 —aZ+b?
5 7 1 1 . , b?2Sinfc+dx]?2
2 |2b%AppellFl]—, - =, 2, —, Sin[c+dx])?, ————————| +
4" 2 4 —a? 4 b2
7 1 11 b2Sin[c+dx]?
(a® - b?) AppellF1[~, =, 1, =, Sin[c+dx]?, #}
4 2 4 -a?+b?

Sin[c+dx]?

(a2+b2 (—1+Sin[c+dx]2)>]J +

1

(18a*b-10b%) Cos[c+dx]

12 (a+bCos[c+dx]) \/1—Sin[c+dx]2

(aer\/l—Sin[c+dx]2

[

1+1 b ~/Si d
2ArcTan[1+( +1)\/— nic+dx] | - Log[+/-a%+b? 7(1+]1)\/F

(—az+b2)1/4
(—a2+b2)1/4\/sin[c+dx] +ibSin{c+dx]]| +Log[+/-a?+b? + (1+1)
\/F(fa2+b2)1/4 /Sin[c +dx] +ijin[c+dx}]] /(\/F(fa2+b2)1/4)+

(1+1) \b A/Sin[c +dx]

<—a2+b2)1/4

2 ArcTan|1-

} _

7 b2 Si dx]?
[563 (asz2> AppellFl[ s , 1, =, Sin[c+dx]2, M} Sin[c+dx}3/2]/
4

a2+ b?

D w
N R

. 2 2 2 31 7 2
\/1—Sln[c+dx} 7 (a* - b?) AppellFl[ =, =, 1, —, Sin[c+dx]?,
4 2 4
b2Sin[c+dx]? 5 7 1 1 5
——————————] -2|2b%AppellF1|~, =, 2, =, Sin[c+dx]?,
—aZ+b? 4 2 4
b2 Sin[c+dx]? 7 3 11
#] + (-a?+b?) AppellF1|—, =, 1, —, Sin[c+dx]?,
-aZ+b? 4 2 4

b2Sin[c+dx]?

P ]]Sin[c+dx}2
-a‘+b

<a2+b2 (—1+Sin[c+dx]2))]] +

1 -168 a%2 + 65 b?) Sin[c +d x]
—Csc[c+dx]6(eSin[c+dx})13/2(< ) -
d

42 b®
19 (a®sin[c+dx] -ab?Sin[c+dx])

+

4b> (a+bCos[c+dx])

a*Sin[c+dx] -2a2b?Sin[c+dx] +b*Sin[c +dXx]

+

2b° (a+bCos[c+dx])?
3asin(2 (c+dx)]
5 b4
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Sin|3 (c+dx)}
14 b3

Problem 79: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

dx
3

J (esin[c+dx])™/?
(a+bCos[c+dx])

Optimal (type 4, 604 leaves, 15 steps):

9 (7a*-9a2b?+2b*) el/2 ArcTan]| Vb yesinlcrdx] ]
(-ate0?) 1% e

8b/2 (~a?+b2)>*d

9 (7a*-9a?b?+2b*) e!/2 ArcTanh | Vb esinlcrdx] |
(cat.b?) Ve

8b'/2 (-a?+b2)**d

3a (21a%-13b?) ef EllipticF[i (c—§+dx), 2| v/sin[c+dx]

4b®d+/eSin[c+dx]
4 212 4\ .6 s oas D 2b 1 T ;
9a (7a*-9a’b?+2b*) e® EllipticPi| ——————, = (c——+dx , 2] /Sin[c+dx] /
b-+-a2+b?2 2 2
(Sb(’[az—b(b—w—a2+b2)]d\/esin[c+dx} -
N 2b 1 i
(9a<7a49a2b2+2b4) e5E111pt1cP1[—,7(c—7+dx,2} \/Sin[c+dx] /
b+ -aZ+b? 2 2
8b6[asz(b+xlfa2+b2)]d\/esin[c+dx} -
3e° (3 (7a%-2b%) -7abCos[c+dx])VeSin[c+dx]
.
4b>d
9e* (7a+2bCos[c+dx]) (eSin[c+dx])*? e (esin[c+dx])%?
+
20b*d (a+bCos[c+dx]) 2bd (a+bCos[c+dx])?
Result (type 6, 2224 leaves):
1(2acCos[c+dx] (-a%+b2)? 17 a (a%- b?) Cos[2 (c+dx) |
bt . _ _
d b* 2b° (a+bCos[c+dx])? 4b° (a+bCos[c+dx]) 5 b3
Csclc+dx]® (eSin[c+dx] )™+
1 1

3 (esin[c+dx])*?
40b°>dSin[c +dx]1t/2 (a+bCos[c+dx]) (1-Sin[c+dx]?)
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a+b\/1—Sin[c+dx12

2 (252%-37ab?) Cos[c+dx]?

( V2 /b V/Sinfcrdx] V2 b Sin(cdx] |

| +2ArcTan(1 +
(az—b2)1/4 (az_bz)l/zl

Log [~/ a® - b? —ﬁ\m(az—bz)l/4x/sin[c+dx] +bsinfc+dx]] +
Log[+/a® - b? +\/7\/?(a2—b2)1/4\/5in[c+dx] +bsin[c+dx] ]|

a|-2ArcTan[1-

/

1 1 5
(4\/2 NG (az—b2)3/4) N [Sb (a® - b?) AppellF1[~, - =, 1, =, Sin[c+dx]?,
4 2 4
b2Sin[c+dx]?
#]\/Sin[cmx] \/1—Sin[c+dx]2 /
—a?+b?
1 1 5 b2Sin[c +dx]?
{(—5 (a*-b?) AppellF1[—~, - —, 1, =, Sin[c+dx]?, #] +
4 2 4 —a2 + b?

5 1 9 b2Sin[c +dx]?
2 {2 b2 AppellF1[ >, - =, 2, =, Sin[c+dx]2, #] + (a2 - b?)
4

2 4 —a% +b?
5 1 9 . , b?Sinfc+dx]? . ,
AppellF1| =, =, 1, =, Sin[c+dx]?, ————————] | Sin[c +d x]
4 2 4 —a?+b?
2 2 : 2 1
(a +b (—1+Sln[c+dx] )) +

(a+bCos[c+dx]) \/1—Sin[c+dx]2

2 (30a’b-16b%) Cos[c+dXx] _;(E_EJW
(-a2+p2)¥*18 8

(1+1) Vb V/sin[c+dx] | 2arcTan[1+ (1+1) Vb Vsin[c+dx]

(—a2+b2)1/4 (—a2+b2)1/4
Log[+/ -a? + b? —<1+i>x/?(—a2+b2)1/4\/sin[c+dx] +ibsSinfc+dx]] -
Log[+/-a?+b? + (1+i) Vb (-a*+b?)"*+/Sin[c+dx] +ibSin[c+dx]]

a+b\/1—Sin[c+dx]2

] +

2 ArcTan [1 -

+

| =

2 -—a2+b?

I

y 1 5 . , b?Sinfc+dx]? ,
5a (a®-b*) AppellF1[ =, —, 1, =, Sin[c+dx]?, ——————————| V/Sin[c+dX] /
4

\/ : 2 2 B2 11 5 s 2
1-Sin[c+dx]* |5 (a —b)AppellFl[Z, S’ 1, 2 Sin[c+dx]2,
b2Sin[c +dx]? 5 5 9 5
—————————] -2|2b%AppellF1| =, =, 2, =, Sin[c+dx]?,
a2+ b? 4 2 4
b2 Sin[c+dx]? 5 3 9
#] + (-a?+b?) AppellFl[ =, =, 1, =, Sin[c+dx]?,
a2+ b? 4 2 4
b2Sin[c+dx]?
#]]Sin[c+dx}2 (a® +b? (—1+Sin[c+dx}2))] +
—aZ + b?

1
(-402a*b+14b)
(a+bCos[c+dx]) (1-2Sin[c+dx]?) \/1—Sin[c+dx}2
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Cos[c+dx] Cos[2 (c+dx) |

(a+b\/175in[c+dx]2

(1+1) Vb Sin[c+dx]]

(—az+b2)1/“

(i— i) (—2a2+b2) Ar‘cTan[l—

b3/2 <—a2 i b2> 3/4

(1+i) Vb Sin[c+dx]]

B e

(% - i) (-2a2+b?) ArcTan[1 +

b3/2 (732 +b2)3/4
Log[+/-a%+b? - (1+i) Vb (-a*+b?)"*+/Sin[c+dx] +ibSin[c+dx]] /

(672 (~a? +b7)>%) [[1 j—j (-2a%+b2) Log[/-a?+b? + (1+i) /b (~a?+b2)"*

4 4
Jsinfcsdx]
/<b3/2 (—a2+b2)3/4)+4 Sinf[c +dx] N
b

5 . , b?Sin[c+dx]? _
» 1, =, Sinfc+dx]?, ——————————| V/Sin[c +dx]

4 —-a?+b?

Vsinfc+dx] +ibSin[c+dx]|

/

(10a (a® - b?) AppellF1[—, 1
2

FNQRPN

. 11 5
[\/1—Sln[c+dx}2 [5 (a*-b*) AppellF1[—, =, 1, =, Sin[c+dx]?,
4’ 2 4

b2Sin[c +dx]? 5 5 1 9 . 5
——————————] -2 |2b*AppellF1[~, =, 2, =, Sin[c+dx]?,
-a?+b? 4 2 4
b2 Sin[c+dx]? 5 3 9
#] + (-a?+b?) AppellF1[ =, =, 1, =, Sin[c+dx]?,
-a?+b? 4 2 4
b2 Sin[c+dx]?
%]} Sin[c+dx12) (a%+ b? (—1+Sin[c+dx12>)] -
-a‘+b

1 9 b2Sin[c +dx]?
, =, 1, 2, sin[c+dx]?, #} Sin[c+dx}5/2]/
2 4 —a% + b2

(36 a (a®-b?) AppellF1]

N

5 1 9
[5 \/1—Sin[c+dx]2 [9 (a®-b?) AppellFi[=, =, 1, =, Sin[c+dx]?,
4" 2 4
b2Sin[c +dx]? 5 9 1 13 . 5
——————————] -2|2b%AppellF1| =, =, 2, =, Sin[c+dx]?,
—a?+b? 4 2 4
b2Sin[c+dx]? 9 3 13
#] + (-a?+b?) AppellF1|~, =, 1, —, Sin[c+dx]?,
—a2+b2 4 2 4

b2Sin[c+dx]?

— ]]Sin[c+dx}2) (a?+b* (-1+Sin[c+dx]?))
-a‘+b

Problem 80: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.
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])9/2

dx

J (esin[c+dx

(a+bCos[c+dx])3
Optimal (type 4, 498 leaves, 14 steps):

7 (5a%-2b?) es‘/zAr'cTan[vF esinerdx] | 7 (5a%-2b?) e9/2Ar‘cTanh[@}

(~a2+b?) ¥4 \fe (~a2+b?)¥* /e
- + +
8b%2 (-a2+b2)**d 8b%2 (-a2+b2)*d
2 2 5 . . . 2b 1 7T .
7a (5a°-2b%) e® EllipticPi| ————, — (c——+dx , 2] /Sin[c+dx]
b-+-a2+b2 2 2
(Sb5 [b—«/—a2+b2]d\/eSin[c+dx] +
) o s L. 2b 1 7T -
7a(5a°-2b%) e EllipticPi| —————, = (c— 7+dx), 2] V/sin[c+dx]
b+ -a%+b? 2 2

35ae4EllipticE[% (c—§+dx), 2] Vesin[c+dx]
4b*d~/Sin[c+dx]

7€’ (5a+2bCos[c+dx]) (eSin[c+dx])>? e (esin[c+dx])’?
+

12b*d (a+bCos[c+dx]) 2bd (a+bCos[c+dx])?

8 b’ [b+«/—a2+b2]d\/eSin[c+dx]

+

Result (type 6, 1231 leaves):

1
“Csc[c+dx]* (eSin[c+dx])®?
d

2Sin[c+dx] 11 aSin[c+dx] —a?Sin[c+dx] +b%2Sin[c+dx]
+ + -
3b3 4 b3 (a+bCos[c+dx]) 2b3 (a+bCos[c+dx])2
1

7 (eSin[c+dx])%?
8b3dSin[c+dx]°®?

1

10aCos[c+dx]?

a+b\/1—Sin[c+dx}2)
(a+bCos[c+dx]) (1-Sin[c+dx]?)

a|-2ArcTan[1- ﬁﬁm] - 2ArcTan[1+ \/?\/Fm] .
(a2 - b2) %/ (a2 - b2) 2/

Log[+/a?-b? -2 +/b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]] -
Log[+/a? - b? +\/7\/?(a2—b2)1/4\/5in[c+dx] +bsinfc+dx]]

/

7 X )
, 1, Z, Sin[c+dx]~,

/

) w2 3 1 7 . , b?sin[c+dx]?
3|-7 (a®-b?) AppellF1| =, - =, 1, —, Sin[c+dx]?, ——————— | +
4 2 4 —a? +b?

(42 b2/2 (a2 - b2) M%) 4 [7b (a2 - b?) AppellFi[>, -
4

N |

b2Sin[c+dx]?

— ]Sin[c+dx]3/2\/1fsin[c+dx]2
-a‘+b
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) 7 1 11 . , b?Sin[c+dx]?
2 |2b?AppellFl|—, - =, 2, —, Sin[c+dx]?, ————————| +
4 2 4 -a?+b?

bZSin[c+dx]2})

—aZ+b?

- 7 1 11 ,
(a® - b?) AppellFl][—, =, 1, —, Sin[c+dx]?,
2 4

I

Sin[c+dx]?| (a®+b? (1+Sin[c+dx]2))” +

1

b Cos[c+dx] (aer\/l—Sin[c+dx]2

6 (a+bCos[c+dx]) \/1—Sin[c+dx]2

([<3+3j) <1+J’1>W\/Sin[c+dx]

(-a2+b2)M*
1+1 b +/Si d
2ArcTan |1+ (1+4) Vb VSinic-dx] ] -Log[+/-a*+b? - (1+i) Vb

(-a2+b2)"*
(fa2+b2)1/4\/sin[c+dx] +ibSin[c+dx] | +Log[y/-a?+b? + (1+1)
Vb -2+ b)Y \/Sin(c dx] +ibSin[c+dx}]J /(\/F(—a2+b2)1/4)+

2ArcTan|1 -

} _

1 7 b2 Sin[c +dx]?
(56a (a®-b?) AppellF1[=~, =, 1, —, Sin[c+dx]?, #} Sin[c+dx}3/2]/
2

4 -a? + b?

Sjw

1 7
[\/1—Sin[c+dx}2 (7 (a*-b%) AppellF1[ =, =, 1, —, Sin[c+dx]?,
2 4

3
4

b2Sin[c +dx]? ) 7 1 11 ) ,
———————| -2{2b’AppellF1|—, =, 2, —, Sin[c+dx]?,
—a% +b? 4 2 4
b2Sin[c+dx]? 7 3 11
#] + (-a%+b?) AppellF1[~, =, 1, —, Sin[c+dx]?,
-aZ+b? 4 2 4

b2Sin[c+dx]?

—— ]]Sin[c+dx}2) (a® +b? (—1+Sin[c+dX}2>)]]
-a‘+b

Problem 81: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

dx

J (esinfc+dx])"?
(

a+bCos[c+dx])?

Optimal (type 4, 512leaves, 14 steps):
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5 (3a%-2b?) e7/2Ar‘cTan[W esincrdx] | 5(3a*-2b?) e7/2Ar‘cTanh[JF esinfcrdx] ]

(-a2+b?2) ¥4 e (~a2p2) V4 Ve
+ _
8b7/2 (~a?+b?)**d 8b7/2 (-a2+b?)**d
15ae4EllipticF[§ (c— §+dx), 2] VSin[c+dx]
+
4b*d~eSin[c+dx]
2b 1
(Sa (3a2-2b?) e* EllipticPi[ —————, - (c- Zvdx|, 2] Vsin[c+dx] /
b-+-a2+b2 2 2
(Sb“[az—b(b—x/—a2+b2)]d\/esin[c+dx1 +
2b 1
(Sa (3a®-2b?%) e EllipticPi| ———, = (c— T dx , 2] /sin[c+dx] /
b+ -a%+b? 2 2
8b4[a2—b(b+xl—a2+b2) dveSin[c+dx] | +

5e*(3a+2bCos[c+dx])eSin[c+dx] e (esin[c+dx])®?

+

4b*d (a+bCos[c+dx]) 2bd(a+bCos[c+dx])2

Result (type 6, 2154 leaves):

2 2
( =8 +b + 22 )Csc[c+dx]3(eSin[c+dx])7/2
2b3 (a+bCos[c+dx])2  4b3 (a+bCos[c+dx])
d
1

(esin[c+dx])”?

8b3dSin[c+dx]7/?

1

14 aCos[c +dx]?

a+b\/1—Sin[c+dx}2)
(a+bCos[c+dx]) (1-Sin[c+dx]?)

2 [C2arctans YEVENSINTedxT o o V2 VB VSInle s dx]
(az—bz)l/4 (a27b2)1/4

Log[+/a? - b? —\E\/F(az—bz)l/4\/sin[c+dx] +bSinfc+dx] ]|+
Log [~/ a® - b? +\E\m(a2—b2)1/4\/sin[c+dx] +bSin[c+dx] ]|

5 . 5

> 1, Z, Sin[c+dx]°,

1 1 5 b2Sin[c +dx]?2

{(5 (aszz) Appe11F1[—, -=,1, =, Sin[c+dx]?, brsanferdx]”
4 2 4 -a?+b?

(4\/7\/F (az—b2)3/4) + [Sb (a®>-b?) AppellFl{%, -

N |

b2 Sin[c+dx]?

-a%+b?

| Vsin[c+dx] \/1—Sin[c+dx]2

|+

5 1 9 b2Sin[c+dx]?
2 {2 b AppellF1[~, - =, 2, =, Sin[c+dx]?, #] + (a% - b?)
4" 2

4 -a2+b?

1 9 . , b?Sinfc+dx]? . 5
,1, =, sinfc+dx])?, ——————|| sin[c+dx]

AppellF1 —
[ 2 4 -a?+b?

3

H |
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1

(a2+b2 (—1+Sin[c+dx]2)>]J +
(a+bCos[c+dx]) \/1—Sin[c+dx]2

A

12bCos[c +dx] (a+b\/17$in[c+dx]2

(~a2+b2)%4 18 8
(1+1) Vb V/sin[c+dx] (1+1) Vb v/sin[c+dx]
2ArcTan|1- | -2ArcTan|1 + ]+
(—a2+b2)1/4 (—a2+b2)1/4

Log[~/-a2+b? - (1+1i) Vb (-a?+b?)**+/Sin[c+dx] +ibSin[c+dx]] -
Log[+/ -a® + b? +(1+J’1>W(—a2+b2)1/4\/sin[c+dx] +ibSinfc+dx]]

+

s o 1 1 5 . , b?Sinfc+dx]? _
5a (a?-b?) AppellF1[~, —, 1, =, Sin[c+dx]?, —————————| V/Sin[c+dX] /
4" 2 4 —aZ+b?

1

{\/151n[c+dx]2 (5 (a* - b%) AppellF1|—

4

b2Sin[c+dx]?
—a% +b?

b2Sin[c+dx]? ) w2 5
T m |+ (-a +b)AppellF1[4

bl

| -2 [2 b? AppellF1| >
4

b2 Sin[c+dx]?

—a?+b?

(a® + b? (—1+Sin[c+dx}2>)]

]] Sin[c+dx]?

1
4bCos[c+dx]

(a+bCos[c+dx]) (1-2Sin[c+dx]?) \/l—Sin[c+dx12
Cos[2 (c+dx)]
(aer\/l—Sin[c+dx]2

(1+1) Vb Sin[c+dx]]

(~a2eb?) /4

(%— i) (-2a2+b?) ArcTan[1 -

p3/2 <—a2 + b2> 3/4

1+i) Vb Sin[c+dx]]

<fa2+bz) 14

(i— i) (-2a2+b2) ArcTan |1 + -

b3/2 (—a2+b2)3/4
[(E—E) (-2a%+b?) Log[+/-a%+b® - (1+1) b (—a2+b2)1/4\/sin[c+dx] +
4 4
/ (b3/2 (—a2+b2)3/4) _
[(E—E) (-2a%+b?) Log[+/-a®+b® + (1+1) b (—a2+b2)1/4\/sin[c+dx] +
4+/Sin[c+dX]

4 4
p3/2 (_g2 . p2)3/4
/( ( a“ + ) )+ b +

ibSin[c+dx] ]|

ibSinfc+dx] |
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)

5 . , b?Sinfc+dx]?2 .
, 1, =, Sin[c+dx]?, —————————| V/Sin[c +dx]
4

-a%2+b?

/

FNQUN
N |

(10 a (a®-b?) AppellF1]

1 1 5
(\/151n[c+dx}2 [5 (a*-b%) AppellF1[—, =, 1, =, Sin[c+dx]?,
4 2 4

b2Sin[c+dx]?
b2sSin[c+dx]?
bZSin[c+dx]2]]

-a2 + b?

_ 2 E 1 2 : 2
| -2 |2b*AppellF1[ =, =, 2, =, Sin[c+dx]?,
2 4

IS

| + (-a® +b?) AppellF1| =, i, 1, 2, Sinf[c +dx]?,
2 4

NV

Sin[c+dx}2) (a® +b? (—1+Sin[c+dx}2>)] -

)

9 b2 si dx]?
,1, =, Sin[c+dx]?, M} Sin[c+dx}5/2]/

36 2 _b?) AppellF1
362 (o) mopena [, 2.3, 2

IV
N =

5 1 9
[5 \/1—Sin[c+dx]2 [9 (a® - b%) AppellFl[ =, =, 1, =, Sin[c+dx]?,
4 2 4
b2Sin[c+dx]? , 9 1 13 . 5
—————————] -2 |2b%AppellF1| =, =, 2, =, Sin[c+dx]?,
—a?+b? 4 2 4
b2 Sin[c+dx]? 9 3 13
#] + (-a?+b?) AppellF1| =, =, 1, —, Sin[c+dx]?,
-a% +b? 4 2

b2Sin[c+dx]?

R ]]Sin[c+dx}2) (a®+b* (-1+Sin[c+dx]?))
-a‘+b

Problem 82: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

])5/2 i

J (esin[c+dx

(a+bCos[c+dx])3

Optimal (type 4, 520 leaves, 14 steps):
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3 (a%-2b?) e-r’/zAr‘cTan{vF esinfcrdx] | 3 (a*-2b?) e-r’/zAr‘cTanh[W esin(crdx] ]

(-a2:b2) 4 e (-a2402) 4 e
8b%/2 (-a%+b?)**d 8b%/2 (-a%+b?)**d
2b 1
3a (a®-2b?%) e EllipticPi| —————, = [c— T dx , 2] V/sin[c+dx] /
b-+-a2+b2 2 2

(Sb3 (a®-b?) (bfx/7a2+b2 J d+veSin[c+dx]

2 2 3 . . . 2b 1 7t .
3a (a*-2b?) e’ EllipticPi| —————, = (c—7+dx , 2| V/sin[c+dx] /
b+-aZ+b2 2 2
(8b3 (a2 - b2) (b+x/—a2+b2Jd\/esin[c+dx} N
3ae2EllipticE[l(c—ﬂ+dx),2} Vesin[c+dx]
2 2 N
4b% (a%-b?) d+/Sin[c +dx]
3/2 3/2

e (esin[c+dx]) 3ae (esin[c+dx])

2bd (a+bCos[c+dx})2 4b (a?2-b%)d(a+bCos[c+dx])

Result (type 6, 1225 leaves):

Sin[c +dx] 3aSin[c+dx]

+

1Csc[c+dx}2(eSin[c+dx])5/2 +
d zb(aerCos[c:erx])2 4b (-a®+b?) (a+bCos[c+dx])

1

3 (esinfc+dx])*?
8 (a-b)b (a+b)dsin[c+dx]®?

1
2acCos[c+dx]?
(a+bCos[c+dx]) (1-Sin[c+dx]?)

( \/TW\/Sin[Cerx} \/TW\/Sin[Cerx}

aer\/l—Sin[Cerx]2

-2 ArcTan[1 - | +2ArcTan|1 + ]+
(a27b2)1/4 (a27b2)1/4

Log[+/a® - b? —\/7\/?(a2—b2)1/4x/5in[c+dx] +bsinfc+dx]] -
Log[+/a2-b? +v2 /b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]]

a

|/

7 X )
, 1, 4—, Sin[c+dx]°,

/

(42 b2 (a2 -b2) %) 4 {7b (a2 - b?) AppellFi[>, -
4

N |

b2Sin[c+dx]?2
#] Sin[c+dx]3/2\/1—Sin[c+de2

-aZ + b2
3 1 7 b2 Sin[c+dx]?
[3 (7 (a® - b?) AppellF1[=~, - =, 1, —, Sin[c+dx]?, #] +
4 2 4 —aZ+b?
) 7 1 1 . , b?sin[c+dx]?
2 |2b*AppellFl[~, - =, 2, =, Sin[c+dx]?, ————————— | +
4 2 4 —a2+b?
7 1 11 b2Sin[c+dx]?
(a®-b?) AppellFl|—, =, 1, —, Sin[c+dx]?, #}
2 4

—a%+b?

N
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Sin[c +dx]?

(a2+b2 (—1+Sin[c+dx]2)>]1 +

1

b Cos[c+dx] (aer\/l—Sin[c+dx]2

6 (a+bCos[c+dx]) \/1—Sin[c+dx]2

[

1+1 b ~/Si d
2Ar‘cTan[1+( Hl)\/— nic+dx] | -Log[+/-a%+Db? —(1+J'1)\/F

(~a?+ b?)1/2

(1+1) \/b A/Sin[c +dx]

(~a2+b2) "

2ArcTan|1 -

} _

(7a2+b2)1/4\/sin[c+dx] +ibSin[c+dx]| +Log[y/-a?+b? + (1+1)

Vb (-a?+b?) ¥4 /Sin[c - dx] +ijin[c+dx}]J /(W(fa2+bz)1/4)+

7 b2Sin[c +dx]?2
, 1, =, sin[c+dx]2, #} Sin[C+dx}3/2]/
4 —a% + b2

[\/1—Sin[c+dx}2 [7 (a - b?) AppellF1|

(56 a (a®-b?) AppellF1]

)

5w
N |

3.1 7 . 5
- —» 1, —, Sin[c+dx]*,
4 2 4

b2Sin[c+dx]?

, 7 1 1 ,
] -2 |2b?AppellFi[~, =, 2, =, Sin[c+dx]?,
-aZ+b? ) 4
b2Sin[c+dx]2 7 3 11
#] + (-a?+b?) AppellF1][—, =, 1, —, Sin[c+dx]?,
-aZ+b? 4 2 4

2 cs 2
b51n[2c+(jx]]] Sin[c+dx12) (a® + b? (—1+Sin[c+dx12))]]
-a‘+b

Problem 83: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

dx

J (esin[c+dx])*?
(

a+bCos[c+dx])?

Optimal (type 4, 534 leaves, 14 steps):
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[W eSinfc+dx] }
(7a2+b2)1/4\/?
8b%2 (-a%+b?)7*d

(a2 +2 b2) e3/2 ArcTan

[W eSin[c+dx] ] X o . B i
[aw)eye ) ae EllipticF [ (c - +dx), 2] V/sin[c+dx] )

g bh3/2 (7a2+b2)7/4d 4 b2 (az_bz) dveSin[c+dx]

(a2 +2 bz) e3/2 ArcTanh

) 2\ 2 L. 2b 1 7T -
a (a®+2b?) e® EllipticPi| ———, = (c——+dx , 2] V/sin[c+dx] /
b-+-a2+b2 2 2

[sz (a®-b?) (az—b (b—\/—a2+b2)) dveSin[c+dx]

+

) 2\ 2 L. 2b 1 7T .
a (a?+2b?) e? EllipticPi| —— f[c—erdx , 2] V/sin[c+dx] /
b+ -a2+b? 2 2
(sz(aszz) (asz(b+«/7a2+b2))dx/esin[Cerx] +
eveSin[c+dx] aeveSin[c+dx]

2bd (a+bCos[c+dx})2 4b (a?-b%)d(a+bCos[c+dx])

Result (type 6, 1211 leaves):
1

d

! + 2 JCsc[c+dx] (esin[c+dx])>?-
2b (a+bCos[c+dx])? 4b (-a?+b?) (a+bCos[c+dx])
1

8 (a-b)b(a+b)dSinfc+dx]3?

3/2

(esin[c+dx])

1 2acCos[c+dx]? a+b\/1—Sin[c+dx]2
(a+bCos[c+dx]) (1-Sin[c+dx]?)
a —2Ar‘cTan[1—\/7\/F Sin[c+dXx] ]+2Ar‘cTan[1+\/7\/F Sin[c+dXx] ] -
(a27b2)1/4 (a27b2)1/4

Log[+/a? - b? —\E\/F(az—bz)l/4\/sin[c+dx] +bsSinfc+dx] ]|+
Log[+/a2-b? +v2 /b (a®-b?)Y*+/Sin[c+dx] +bSin[c+dx]]

5 . 5

> 1, Z, Sin[c+dx]*°,

1 1 5 b2Sin[c +dx]?

{(5 (a® - b?) AppellFl[~, - =, 1, =, Sin[c+dx]?, broinfcrdx]?
4 2 4 -a?+b?

(4\/7\/F (az—b2)3/4) + [Sb (a®>-b?) AppellFl[%, -

N |

b2 Sin[c+dx]?

-a%+b?

| Vsin[c+dx] \/1—Sin[c+dx]2

] +

5 1 9 b2Sin[c+dx]?
2 [2 b AppellF1[~, - =, 2, =, Sin[c+dx]?, #] + (a% - b?)
4 2 4 —a?+b?
5 1 9 b2sSin[c+dx]?

AppellFl[ =, =, 1, =, Sin[c+dx]?, ]] Sin[c+dx}2J
2 4

IN

-a? + b?
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1

(a2+b2 (—1+Sin[c+dx]2)>]] -
(a+bCos[c+dx]) \/1—Sin[c+dx]2

e P RO

(1+1) /b +/Sin[c +dx] -2 ArcTan[1+ (1+1) /b +/Sin[c +dx]

(—a2+b2)1/4 (—a2+b2)1/4
Log[~/-a2+b? - (1+1i) Vb (-a?+b?)**+/Sin[c+dx] +ibSin[c+dx]] -
Log[+/ -a® + b? +<1+J’1>\m(—a2+b2)1/4\/sin[c+dx] +ibSinfc+dx]]

4bCos[c+dx] aer\/lfsin[c+dx}2

|+

2ArcTan|1-

+

1 5 . , b?Sinfc+dx]? _
, 1, —, Sin[c+dx]°, —] \/Sin[c +dXx]

"2 4 a2+ b?

/

IS

(5 a (a-b?) AppellF1|

5 . )
, 1, —, Sin[c+dx]°,

1
, =
2 4

1

[\/151n[c+dx]2 [5 (a* - b%) AppellF1|—

4

b2Sin[c+dx]?
—a% +b?

b2Sin[c+dx]?

-a2 + b?

_ 2 5 1 2 : 2
| -2 |2b*AppellF1| =, =, 2, =, Sin[c+dx]?,
4" 2 4

| + (-a® +b?) AppellF1] =, i, 1, 2, Sinf[c +dx]?,
2 4

IR

b2 Sin[c+dx]?

]] Sin[c+dx}2) (a% + b2 (—1+Sin[c+dx}2>)]]]
—aZ + b?
Problem 84: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.
J veSin[c+dx]
(

a+bCos[c+dx])>

dx

Optimal (type 4, 529 leaves, 14 steps):
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(3a%+2b?) \/?Ar'cTan[Eﬁ esin[c+dx] | (3 a%+2b?) \/?Ar‘cTanh{QF esin[c+dx] ]

(~a2+b?) ¥4 e (~a2+b?) ¥4 \Je
- +
8/b (-a2+b?)%*d 8Vb (-a2+b%)%*d
2 2 C oo 2b 1 s .
a(3a®+2b?) eEllipticPi| ————, = [c——+dx » 2] V/sin[c+dx] /
b-+-a2+b2 2 2

+

(Sb (az—bz)2 (b—x/—a2+b2 J d+/eSin[c +dx]

) ) L. 2b 1 7T -
a (3a*+2b?) e EllipticPi| ———, = [c——+dx , 2] V/sin[c+dx] /
b++v-aZ+b2 2 2

(sb (a? - b?)? (b+«/—a2+b2 J desSin[c+dx] | +
5aEllipticE[% (c—§+dx), 2] Vesin[c+dx]

4 (az—bz)zd\/Sin[c+dx]

b (esinfc+dx])*? 5ab (eSin[c+dx])>?

2 (a%-b?) de (a+bCos[c+dx])2 4(a27b2)2de (a+bCos[c+dx])

Result (type 6, 1232 leaves):

|+

Jesin[c+dx] |- bSin[c+dx] B 5absin[ce+dx] )
2 (a®-b?) (a+bCos[c+dx])? 4 (az—bz)2 (a+b Cos[c+d x])
i
d
1 -
\JeSin[c+dx]
8 (a-b)? (a+b)*d~/sin[c+dx]
1 R
10abCos[c+dx]? a+b\/1—51n[c+dx]2
(a+bCos[c+dx]) (1-Sin[c+dx]?)
2 \b /Sin[c+dx 2 Vb /Sin[c+dx
a —2Ar‘cTan[1—\/—\/— [c+dx] ]+2Ar‘cTan[1+\/—\/— [c+dx]
(a27b2)1/4 (a27b2)1/4

Log[+/a? - b? —\E\/F(az—bz)l/4\/sin[c+dx] +bsSinfc+dx]] -
Log [~/ a® - b? +\E\m(a2—b2)1/4\/sin[c+dx] +bsin[c+dx] ]|

/

7 . 2
, 1, —, Sin[c+dx]*,
4

/

b2Sin[c+dx]?

(42 b¥2 (a?-b2) %] 4 {7b (a? - b2) AppellF1[>, -
4

N |

b2 Sin[c+dx]?

P ]Sin[c+dx]3/2\/1—sin[c+dx12
-a‘+b

|+

31 7
{3 (7 (a®-b?) AppellF1[~, - —, 1, —, Sin[c+dx]?,
4

2 4 —a%+ b2
5 7 1 1 . , b?2Sinfc+dx]?2
2 [2b%AppellFl[~, - =, 2, =, Sin[c+dx]?, ———————— | +
4 2 4 —a2+b?

1 11 b2 Sin[c +dx]?
(a®-b?) AppellFi[~, —, 1, =, Sin[c+dx]?, #}
2 4 -a?+b?

N
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Sin[c +dx]?

(a2+b2 (—1+Sin[c+dx]2)>]1 +

1

(8a%+2b*) Cos[c+dx]
12 (a+bCos[c+dx]) \/1—Sin[c+dx12

(a+b\/1—sin[c+dx]2

o

1+ 1 b +/Si d
2ArcTan |1+ (2+4) Vb /sin(c+dx] | - Log[+/-a?+Db? - (1+1) Vb

(-a2+b2)"*
(fa2+b2)1/4\/sin[c+dx] +ibSin[c+dx] | +Log[/-a?+b? + (1+1)
Vb (-2 + b)Y \/Sin(c dx] +ibSin[c+dx}]J /(\/F(_a2+bz)1/4)+

(1+1) b /sin[c+dx]

(~a?+b2)2/%

2ArcTan|1 -

} _

1 7 b2 Sin[c +dx]?
(56a (a® - b?) AppellF1[ =, =, 1, —, Sin[c+dx]?, #} Sin[c+dx}3/2]/
2

4 -a? + b?

5w

s 2 2 2 3 1 7 s 2
\/1—Sln[c+de 7 (a®-b?) AppellF1[~, =, 1, —, Sin[c+dx]?,
4" 2 4
b2Sin[c +dx]? 5 7 1 1 . 5
—————————] -2|2b%AppellF1|—, —, 2, —, Sin[c+dx]?,
—a?+b? 4 2 4
b2Sin[c+dx]? 7 3 11
#] + (-a%+b?) AppellF1|—, =, 1, —, Sin[c+dx]?,
—az+b2 4 2 4

b2Sin[c+dx]?

—— ]]Sin[c+dx}2) (a® + b? (—1+Sin[c+dX}2>)]]
-a‘+b

Problem 85: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1
J(aerCos[Cerx])S\/m

dx

Optimal (type 4, 535leaves, 14 steps):
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/b +/eSin[c+dx]
[ ]
(-a%+b2)¥* e

8 (-a2+b2) " *de

3+b (5 a?+2b?) ArcTan

\/F i +d
37/b (5a%+2b2) ArcTanh| T ] 7aEllipticF[i (c— §+dx), 2] V/sin[c+dx]

(—az+b2) 1/4 \/?

+

8 (-a%+b2) ™ *d/e 4 (a?-b?)*d~/eSin[c+dx]

) ) e 2b 1 b -
3a (5a%+2b?) EllipticPi| ———, — (c—7+dx), 2] V/sin[c+dx] /
b-v-aZ+b2 2 2

(8 (az—bz)z(az—b(b—x/—aZerz)Jd\/m

+

2b 1
(3a (5a?+2b?) EllipticPi[ —————, - (c-1+dx , 2] V/sinfc+dx] /
b+v-a2+b2 2 2

(8 (az—bz)2 (az—b (b+x/—a2+b2 )J d+/eSin[c +dx]
b+eSin[c+dx] 7ab+/eSin[c+dx]

2 (a?2-b%) de (a+bCos[c+dx])2 4(a2—b2)2de (a+bCos[c+dx])

Result (type 6, 1226 leaves):

- b - Zab )Sin[c+dx]
2 (a2-b?) (a+bCos[c+dx])? 4 (aszz)2 (a+b Cos[c+d x])

dveSin[c+dx]

+

= VSin[c +dx]
8(a—b)2<a+b>2d\/esin[c+dx1
1
- 14abCos[c+dx]? aer\/lfsin[c+dx]2
(a+bCos[c+dx]) (1-Sin[c+dx]?)
‘\/.7 ‘\/.7
72Ar'cTan[1f\E\m Sinfc+dx] ]JrZAr'cTan[lJr\E\m Sinfc+dx]

[

(az_b2>1/4 (az_b2>1/4
Va?-b* -V2 Vb (a?-b?)V*+/sin[c+dx] +bSin[c+dx]] + Log|
NE +\/7\/F(a2—b2)1/4\/sin[c+dx} +bSinfc+dx] | J/

(4ﬁﬁ (az—b2>3/4) + [Sb (a% - b?) AppellFl[l, 12
4’ 2 4

b2 Sin[c+dx]?
Sin[c+dx]?, #] VSinfc+dx] \/1—Sin[c+dx]2

—a?+b?

/

2 4 —a? +b?

) 2 1 1 5 . , b?sin[c+dx]?
-5 (a®-b?) AppellF1[~, - —, 1, =, Sin[c+dx]?, —————————] +2
4 2 4 —a?+b?
) 5 1 9 . , b?Sin[c+dx]?
2b? AppellFl| =, - =, 2, =, Sin[c+dx]?, ———————— | +
4

1 9 . , b?2Sinfc+dx]?2
>y —» 1, —, Sin[c+dx]*, —}
2

2 _p?) AppellF1
(2 ) Appe [ 4 ~a2+ b2

F Y,

| - Log]|
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Sin[c+dx]2) (az+b2 (—1+Sin[c+dx]2)))] +

1

2 (8a%+6b%) Cos[c+dx]

(a+bCos[c+dx]) \/1—Sin[c+dx]2

(a+b\/1—sin[c+dx]2

1 1 1
N (U — b
el
(1+1i) Vb +/Sin[c+dx] (1+1i) Vb +/Sin[c+dx]
} —2Ar‘cTan[1+
(7a2+b2>1/4 (7a2+b2>1/4

Log[+/-a*+b? - (1+i) Vb (-a?+b?)Y*+/Sin[c+dx] +ibSin[c+dx]] -
Log[+/ -a? + b? +<1+Ji>\/F(—a2+b2)1/4\/sin[c+dx] +ibSin[c+dx]]

2 ArcTan [1 -

|+

+

iy

) o 1 5 . , b*Sinfc+dx]? _
5a (a?-b%) AppellF1[~, —, 1, =, Sin[c+dx]?, —————————| V/Sin[c+dX] /
2 4

—a? +b?

IN

1 5
[\/1—Sin[c+dx12 [5 (a*-b*) AppellF1[—, =, 1, =, Sin[c+dx]?,
2

1
4 4

b2Sin[c +dx]? 5 5 1 9 . 5
——————————] -2 |2b*AppellF1[~, =, 2, =, Sin[c+dx]?,
-a%+b? 4 4
b2 Sin[c+dx]? 5 3 9
#] + (-a®+b?) AppellF1[ =, =, 1, =, Sin[c+dx]?,
—aZ+b? 4 2 4

b2 Sin[c+dx]? . .

—a2+bz]] Sln[c+dx}2) (a® +b? (1+Sln[c+dx}2>)]]]
Problem 86: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1

J(a+bCos[c+dx])3 (esin[c+dx])??

Optimal (type 4, 611 leaves, 15 steps):
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5b32 (7a2+2b?) Ar‘cTan[ﬁ esincrdx] | 5b¥2(7a2+2Db?) Ar‘cTanh[W esinlcrdx] ]

(~a2+b?) ¥4 e (-a2+b2) ¥4 e
8(—a2+b2)13/4de3/2 8(—a2+b2)13/4de3/2
b
2(az—bz)de(a+bCos[c+dx])zx/eSin[c+dx}
9ab 5b (7a%+2b?) -a (8a?+37b?) Cos[c+dx]
+ _
4(a2—b2)2de(a+bCos[c+dx1)\/eSin[c+dx1 4(a2—b2)3de\/esin[c+dx1
) ) L. 2b 1 7T .
5ab(7a +2b)E111pt1cP1[—, [c—7+dx,2]\/51n[c+dx] /
b-+-a2+b2 2 2
(8(a27b2)3(b7x/7a2+b2 de+eSin[c+dx] | -
2 2 . . . 2b 1 7T -
5ab (7a’+2b%) EllipticPi| ————, [c—7+dx,2] \/Sinf[c+dx] /
b+-aZ+b2 2 2
(8(a27b2)3(b+x1—a2+b2 de+veSin[c+dx] | -

a (8a?+37b?) EllipticEE (c—§+dx), 2| Vesin[c+dx]
4 (az—b2)3de2\/sin[c+dx}

Result (type 6, 1316 leaves):

_ 1
Sin[c +dx]? -2 (-3a*b-b’>+a’Cos[c+dx] +3ab’Cos[c+dx]) Csclc+dx] +
)
b3Sin[c +dx] 13ab3Sin[c +dx] /
+
2 (a2-b?)? (a+bCos[c+dx])? 4 (a?-b?)> (a+bCos[c+dx])

1
8 (a-b)’ (a+b)’d (esin[c+dx])>?

(d (eSin[c+dx])3/2) -

1
Sin[c+dx]3/?

(a+bCos[c+dx]) (1-Sin[c+dx]?)

2 (8a’b+37ab’) Cos[c+dx]? a+b\/1—Sin[c+dx]2

a|-2ArcTan[1- \E\/F\/m] +2ArcTan[1+ ﬁﬁm] .
(az—bz)l/4 (a27b2)1/4

Log[~/a®-b* -2 /b (a®-b?)"*+/Sin[c+dx] +bSin[c+dx]] -
Log[~/a® - b? +\5\m(a2—b2)1/4vsin[c+dx] +bsin[c+dx] |

/

(4\/7b3/2 (az—b2)1/4) + (7b (a% - b?) AppellFl[i, —1, 1, Z, Sin[c +dx]?2,
4 2 4

/

b2 Sin[c+dx]?

R ]Sin[c+dx]3/2\/1—Sin[c+dx12
-a‘+b
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s 3 1 7 . , b’Sinfc+dx]?
3 77(a -b )AppellFl[—, -=,1, =, Sin[c+dx]?, ———
4 2 4 -a?+b?

|+

5 7 1 1 . , b?2Sinfc+dx]?2
21(2b AppellFl[f, -—, 2, —, Sin[c+dx]°, ————
4

]+ (a®-b?)
2 4 —a?+b?
7 1 11 , b?Sin[c+dx]? . 5
AppellFl[—, =, 1, —, Sin[c+dx]?, —————————| | Sin[c+dx]
4 2 4 -a? + b2

1

+

(a® +b? (1+Sin[c+dx]2)>]

12 (a+bCos[c+dx]) \/1—Sin[c+dx]2

(8a*+72a*b?+10b*) Cos[c +dx]

o

1+1 b +/Si +d
2ArcTan |1+ (1+4) Vb Vsinic-dx] ] -Log[+/-a*+b? - (1+i) Vb

(—a2+b2)1/4
(—a2+b2)1/4\/sin[c+dx] +ibSinfc+dx]]| +Log[+/-a%+b? +(1+1)
Vb (-a?+b2)**+/sin[c+dx] +ibSin[c+dx}]J

a+b-/1-sin[c+dx]?

1+1 b +/Si +d
2Ar‘cTan{1—< l>\ﬁ nic-dx] | -

(~a?+b2)2/%

/(\/F(—a2+b2)1/4) +

(56 a (a®-b?) AppellF1|

Sjw

1 7 b2 Sin[c +dx]?
21, 2, sinfcrdx)?, Sonteraxit Sin[c+dx}3/2]/
2 4 —a% +b?

. 2 2 2 31 7o 2
\/1—Sln[c+dx} 7 (a®-b?) AppellF1[~, =, 1, —, Sin[c+dx]?,
4’ 2 4
b2Sin[c +dx]? 5 7 1 1 . 5
——————————] -2 |[2b*AppellF1[~, =, 2, —, Sin[c+dx]?,
—-a?+b? 4 2 4
b2 Sin[c+dx]? 7 3 11
#] + (-a%+b?) AppellF1|—, =, 1, —, Sin[c+dx]?,
-a?+b? 4 2 4

b2Sin[c+dx]?

- ]]Sin[c+dx}2) (a® +b? (1+Sin[c+dx}2>)]]
-a“+b

Problem 87: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J L dx
(a+bCos[c+dx])’ (eSin[c+dx])>?

Optimal (type 4, 629 leaves, 15 steps):
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/b \/eSin[c+dx] ] /b /esSin[c+dx] ]

7652 (922 + 2b?) ArcTan| 7b%2 (922 +2b?) ArcTanh|

(-a2+b?2) ¥4 e (~a2+b?) ¥4 e
8 (—a2+b2)15/4de5/2 8 (—a2+b2)15/4de5/2 )
b
2 (a?2-b%) de (aerCos[Cerx])2 (eSin[c+dx])3/2
11ab

+

4 (a?-b?)*de (a+bCos[c+dx]) (eSin[c+dx])>?
7b (9a%+2b?) -a (8a%+69b?) Cos[c+dx]

+

12 (a2-b?)°de (eSin[c+dx])>"?
a (8a%+69b?) EllipticF[i (c—§+dx), 2| \/sin[c+dx]
12 (a27b2)3de2\/esin[c+dx]

2 2 2 . . . 2b 1 7t P
7ab’(9a +2b)Elllptlcpl[—,*(c—*+dx,2} VSin[c+dx] /
b-+/-a2+b2 2 2
(S(az—b2>3(az—b(b—x/—aerbz) de?+/eSin[c+dx] | -
N ) N L. 2b 1 7T -
7ab’ (9a +2b)E111pt1cP1[—,—(c——+dx),2} v/Sin[c+dx] /
b+ -aZ+b2 2 2

de?+eSin[c+dx]

(8 (az—bz)3 (az—b (b+m)

Result (type 6, 1308 leaves):

b3 15ab? 1

+ —

2 (a2-b2)? (a+bCos[c+dx])? 4 (a?-b2)> (a+bCos[c+dx]) 3 (a2-b?)>

2 (-3a’°b-b’>+a*Cos[c+dx] +3ab’Cos[c+dx]) Csc[c+dx]*| Sin[c+dx]?

/

1
24 (a-b)? (a+b)’d (esin[c+dx])>?

(d (eSin[c+dx])5/2) +

1

]5/2
(a+bCos[c+dx]) (1-Sin[c+dx]?)

Sin[c+dx

2 (8a’b+69ab’) Cos[c+dx]? a+b\/1fsin[c+dx]2

] _

a |-2ArcTan|1- ﬁﬁm] + 2 ArcTan[1+ V2 \/b VSin[c+dx]
(a2 - b2) %/ (a2 - b2) /4

Log [~/ a® - b? —\Eﬁ(az—bz)l/4x/sin[c+dx] +bsinfc+dx]] +
Log[+/a? - b? +\/7\/F(a2—b2)1/4\/sin[c+dx] +bsinfc+dx]]

/

(4\/?\5 (a27b2)3/4) + [Sb (a? - b?) AppellFl[l, 71, 1, E, Sinfc+dx]?,
4 2 4
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b2 Sin[c+dx]?

—a%+b?

| Vsin[c+dx] \/1—Sin[c+dx]2

/

b2Sin[c +dx]?

1 1 5
[(5 (a® - b%) AppellFl[Z, -=,1, =, Sin[c+dx]?,

2 4 a2+ b?
5 1 9 b2Sin[c +dx]?
2 {2 b? AppellF1[~, - =, 2, =, Sin[c+dx]?, #] + (a®-b?)
4 2 4 —a% +b?

1 9 . , b?Sinfc+dx]?
,1, =, Sin[c+dx]?, ——

AppellF1 —
[ 2 4 -a? + b2

)

FEV, |

1

(a2+b2 (—1+Sin[c+dx]2)>]] +
(a+bCos[c+dx]) \/lfs:'Ln[Cerx]2

2 (8a*-120a%b”-42b*) Cos[c+dx] (a+b\/1—sin[c+dx]2

(;[lﬂ—]w

(~a2+b2)?% 18 8

(1+J‘1)\/F\/Sin[c+dx}} 2 ArcTan(1 (1+1‘1)\/F\/Sin[c+dx}
-2ArcTan|1 +

(-a2+b2)Y* (-a2+b2)"*
Log[~/-a%+b? - (1+1) Vb (—a2+b2)1/4\/sin[c+dx] +ibSinfc+dx]] -
Log[+/-a*+b* + (1+1) b (—a2+b2)1/4\/5in[c+dx] +ibSinfc+dx]]

2ArcTan|1 -

|+

+

1 5 . , b?Sinfc+dx]?
=,1, 2, sin[c+dx]?, ———M
2 4 —a?+b?

s | Vsinfc+dx]

(5 a (a-b?) AppellF1|

/

IS

1 5
[\/1—Sin[c+dx}2 [5 (a*-b*) AppellF1[—, =, 1, =, Sin[c+dx]?,
2

1
4 4

b2Sin[c +dx]? 5 5 9 . 5
——————————] -2 |2b*AppellF1[~, =, 2, =, Sin[c+dx]?,
—-a?+b? 4 2 4
b2 Sin[c+dx]? 5 3 9
#] + (-a+b?) AppellF1[ =, =, 1, =, Sin[c+dx]?,
—a% +b? 4 2 4

b2 Sin[c+dx]? . .

—az+bz]] Sln[c+dx}2) (a® +b? (1+51n[c+dx}2>)]]]
Problem 88: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1

J(a+bCos[c+dx])3 (esin[c+dx])’?

Optimal (type 4, 700 leaves, 16 steps):
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9b7/2 (11a%+2b?) ArcTan [ Vo esin[c+dx] | 9b72 (11a?+2b?) ArcTanh [ Vb yJesin(crdx] ]
(-a?+0?) " Ve (-a?+b?) V" e

8<—a2+b2>17/4de7/2 8<—a2+b2>17/4de7/2

b

2 (a?2-b%) de (aerCos[Cerx])2 (eSin[c+dx])5/2
13ab

4 (a?-b?)*de (a+bCos[c+dx]) (eSin[c+dx])®?

9b (11a*+2b?) -a (8a?+ 109 b?) Cos[c +dx]

+

20 (a2 -b?)’de (eSin[c+dx])>?
3 (15b% (11a2+2b?) +a (8a*-64a%b? -139b*) Cos[c+dx])

26<a2—b2)4de3\/esin[c+dx}
L. 2b 1 7T -
(Qab3 (11a®+2b%) EllipticPi| ————, = [c— —+dx), 2] V/sin[c+dx]
b-v-aZ+b2 2 2
(S(az—b2)4(b—x1—a2+b2 de*+eSin[c+dx]
2b 1
9ab? (11a%+2b?) EllipticPi[ ————, — [c- T idx
b+v-a2+b2 2 2
(S(az—b2)4(b+x/—a2+b2 de*+eSin[c+dx]
1
(3a<8a4—64a2b2—139b4)EllipticE[—[c—£+de,2]\/eSin[c+dx}
2 2
(20 (az—b2)4de4\/sin[c+dx] )

/

+

» 2] V/sin[c+dx]

/

/

Result (type 6, 1408 leaves):

Sin[c+dx]*
1
-——————2(50a’b>+10b°+3a°Cos[c+dx] -24a’b?Cos[c+dx] -39ab*Cos[c+dx])
5 (az—bz)4
1
Csclc+dx] - ————2(-3a’b-b’>+a’Cos[c+dx] +3ab’*Cos[c+dx])
5 (a27b2)3
b°> Sin[c +dx] 21ab’Sin[c+dx]

Csclc+dx]3- _
2 (az—bz)3 (a+bCos[c+dx])2 4 (az—bz)4 (a+bCos[c+dx])
1

40 (a-b)* (a+b)*d (eSin[c+dx])""?

|/

(d (eSin[c+dx])7/2) -

1
3Sin[c+dx]7/?

(a+bCos[c+dx]) (1-Sin[c+dx]?)

2 (8a°b-64a’b’>-139ab°) Cos[c+dx]?

a+b\/1—Sin[c+dx}2)
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a |-2ArcTan|1- ﬁﬁm] + 2 ArcTan[1+ ﬁﬁm] .
(a2 - b2) %/ (a2 - b2) 2/

Log [~/ a® - b? —ﬁ\m(az—bz)l/4x/sin[c+dx] +bsinfc+dx]] -
Log[+/a® - b? +\/7\/?(a2—b2)1/4\/51n[c+dx] +bSin[c+dx] ]| J/

7 . )
, 1, Z, Sin[c+dx]*,

/

) 2 3 1 7 . , b?sin[c+dx]?
3|-7(a%*-b )AppellFl[—, -=,1, —, Sin[c+dx]?, ——M———
4 2 4 -a% +b?

(42 b>2 (a?-b2) %] + [7b (a2 - b?) AppellFi[>, -
4

N |

b2 Sin[c+dx]?

R ]Sin[cerx]g’/z\/l—sin[Cerx]2
-a‘+b

|+
|+ (o)

) 7 1 11 , b?Sin[c+dx]?
2 |2b?AppellFl|—~, - =, 2, =, Sin[c+dx]?, ——
4 2 4 -a?+b?

| N

1 1 . , b2Sinfc+dx]2
, —, 1, —, Sin[c+dx]?, ——M—

1
AppellF1
[ 2 4 —a?+b?

}) Sin[c+dx]?

I

1

+

(a2 4 b (1+Sin[c+dx]2))]

12 (a+bCos[c+dx]) \/1—Sin[c+dx]2

a+b\/1—Sin[c+dx}2

(1+1) Vb /sin[c+dx]

<—a2+b2)1/4

(8a°-64a*b>-304a%b*-30b°) Cos[c+dx]

[

1+1i) Vb /si d
2Ar‘cTan[1+( i) /b Vsinic+dx] ] -Log[y/-a%+b? - (1+1) Vb

(—a2+b2)1/4
(—a2+b2)1/4\/5in[c+dx] +ibSin[C+dX}]+L0g[\/—az+b2 +<1+Ji>
Vb (-a*+b?)*+/Sin[c+dx] +ibSin[c+dx]] /(\/F(—32+b2)1/4)+

2 ArcTan [1 -

} ,

1 7 . , b?Sinf[c+dx]?
s —» 1, —,Sin[c+dx]°, ———
4

56 a (a® - b?) AppellF1
[ ( ) AppellF1| o

] Sin[c+dx13/2]/

31 7 . X
- —» 1, —, Sin[c+dx]*,
4 2 4

Bjw
N

[\/1$in[c+dx}2 [7 (a - b?) AppellF1|

b2Sin[c +dx]? , 7 1 1 5
————————] -2|2b%AppellF1|~, =, 2, =, Sin[c+dx]?,
—a2+b2? 4" 2 4
b2 Sin[c+dx]? 7 3 11
b 5infc+dx]” | + (-a?+b?) AppellF1][—, =, 1, —, Sin[c+dx]?,
—a2+b? 4" 2 4

b2Sin[c+dx]?

— ]Jsin[c+dx}2
-a‘+b

(a® + b? (1+Sin[C+dX}2>)]]
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Summary of Integration Test Results

88 integration problems

A - 57 optimal antiderivatives

B - 0 more than twice size of optimal antiderivatives
C - 31 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



